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PEEFACE. 



rriHE object of the present Treatise is to bring Spherical 
Trigonometry to the standard required for University- 
Examinations, and demanded by the impulse given to 
mathematical subjects by modem text-books. 

Simplicity of treatment has been constantly kept in 
view. 

Part I. treats of the subject as far as the solution of 
Triangles, inclusive. In the text will be found all the 
propositions usually contained in treatises on the subject, 
besides such other theorems as appeared to us to be of 
special importance on account of their utUity. 

The volume is replete with examples (in many cases 
worked out), the arrangement of which has been the sub- 
ject of our special attention; our aim throughout being 
to place them in immediate connexion with the subject 
matter of which they are illustrative. 

At the end of each Chapter, Miscellaneous Examples 
bearing on all the preceding matter have been added. 
We have not hesitated to use Determinant Notation 
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whenever elegance or simplioitjr oould be gained thereby. 
This notation has now become so generally known as to 
render apology for its use early in the work quite un- 
necessary. 

The Numerical Solution of Triangles, treated of in 
Chapters lY. and Y., has received much attention, each 
Case being treated of in detail. In connexion with these 
Numerical Examples, we must acknowledge our obliga- 
tions to Mr. EoBERT Baile, M.A., Athlone, who carefuUy 
worked and verified them all. They have also been in- 
dependently verified and tested, and we therefore trust 
they will all be found correct to the nearest half second. 

Geometrical proofs of many Propositions have been 
added to those commonly given in text-books, e,g, the 
Analogies of Napier and Delambre. 

Most of the examples have been taken from University 
and Science and Art Examination Papers. Many, how- 
ever, as far as we are aware, appear now for the first 
' time. A series of Examples have been appended in the 
form of Examination Papers. 

Among published works on the subject, we are in- 
debted chiefly to those of Todhunter, Snowball, and 
Luby. 

WM. J. M'CLELLAND, 
THOMAS PRESTON. 
May, 1885. 
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CHAPTER 

The Sphere. 






1. A Sphere is a solid body such that all points on its 
surface are equally distant from a certain point within it, 
called the Centre. 

Any straight line drawn from the centre of a sphere to 
the surface is called a Radius, and any straight line drawn 
through the centre and terminated both ways by the sur- 
face is called a Diameter. 

A sphere may be generated by the revolution of a semi- 
circle round its diameter. 

2. Cfreat and Small Circles. — Let a sphere be gene 

A 




rated by the revolution of the semicircle ACS (fig. 1) 
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2 The Sphere. 

round its diameter AB. Let C be any point on the semi- 
circle, and let CD be a perpendicular from C on AB. 

It is obvious that as ACB revolves round AB^ the 
point C describes a circle round D as centre ; and also that 
0, the middle point of AB^ being equally distant from all 
points on AC By is the centre of the sphere. 

When the plane of the circle CC described by C passes 
through it divides the sphere into two equal parts, and 
the curve of section is called a Great Circle. 

When its plane does not pass through the centre it is 
called a Small Circle. 

Example. 

The Meridians, Equator, and Ecliptic, are great circles. The Parallels 
of Latitude are small circles. 

The angular distance AC \a called the Spherical Radius 
of the circle CC\ It is obvious that the spherical radius 
xA a great circle is a quadrant. 

3. Only one Cfreat Circle can be drawn through two 
given points on the surface of a sphere ; for its plane must 
also pass through the centre ; and three points not in the 
same right line are su£Scient to determine a plane com- 
pletely. 

If the two given points be diametrically opposite, the 
right line joining them passes through the centre of the 
sphere, and an infinite number of great circles can be drawn 
through them, as, for example, the meridians on the sur- 
face of the Earth. 

The shortest distance that can be traced on the sturface of 
a sphere between two points on it is the arc of the great 
circle passing through them. 



\ 



Axes and Poks, 3 

For, when the radius of a sphere is indefinitely increased, 
its surface, at any part, may be considered .as a plane (see 
Chap. II., Art. 18), and a great circle passing through two 
points on it becomes a right line joining two points in a. T 
plane ; but the right line joining two points is the shortest 
distance between them ; therefore, etc.* 

It is for this reason, and because only one great circle 
can be drawn through two points that distances on the sur- 
face of a sphere are measured along arcs of great circles. 
Advantage is taken of this property of the great circle 
in Navigation. 

4. Axes and Poles. — The line AB (fig. 1) is called 
the Axis of the circle CC (described by ant/ point C of the 
semicircle ACB during its revolution round AB)y and the 
extremities A and B of its axis are called its Poles. Any 
point, and the great circle of which it is the pole, are termed 
pole and polar^ with respect to one another. It is obvious, 
from the maimer in which CC was generated, that AB U 
perpendicular to the plane of CC, for CD remained per^ 
pendicular to AB during its entire revolution. 

Henee the Axis of a circle may be defined as the diameter 



* The following method of looking at this question is also instructive : — 
If a string be stretched between two points on the surface of a sphere (or 
on any surface) it will evidently be the shortest distance that can be traced 
on the surface between the points, since by pulling the ends of the string its 
length, between the points, wiU be shortened as much as the surface will 
permit. Now any part of the string being acted on by two terminal ten- 
sions, and by the reaction of the surface, which is everywhere normal to it, 
must lie in a plane containing the normal to the surface. Hence, the plane 
of the string contains the normals to the surface at all points of its length ; 
i. e. the string lies in the form of a great circle. 

b2 



4 Tlie Sphere. 

of the sphere perpendicular to the plane of the circle^ or the 
line joining the centre of the sphere with the pole of the circle. 
Cor, — The pole of a circle is equidistant from all points 
on the circumference of the circle. 

For AC^^ AD'' + CD^ = constant. 

In the case of a great circle, D becomes the centre of 
the sphere, and hence the poles of a great circle are equi'> 
distant from its circumference. 

5. Primary and Secondary Circles. — Asrj circle is, 
called a Primary in relation to those great circles which cut' 
it at right angles. These latter are called Secondaries ; e. g. 
parallels of latitude are primaries, and the meridians are 
secondaries to them. 

In fig. 1 regarding the circle CC as a primary, the 
circle ACB during its revolution round AB is in all posi- 
tions a secondary to CC\ Hence it follows that : — 

(1). The plane of any secondary contains the axis of the . 
primary. 

(2). All the secondaries pass through the poles of the' 
primary. 

(3). The planes of all the secondaries have a common 
line of intersection, viz., the axis of the primary. 

(4). If there can be drawn common secondaries to two*, 
circles, the planes of those circles are parallel. For, by - 
(3), the two circles have the same axis. 

The distance of any point on the surface of a sphere : 
from a circle traced thereon is measured by the arc of the * 
secondary intercepted between the point and the circle. 
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Example. 

The latitude of a place is measured by the arc of the meridian intercepted 
between the place and the Equator. 

« 

6. The Angle between two Planes is measured by 
the angle between any two lines drawn, one in each plane, 
perpendicular to their line of intersection. 

The angle between any two circles, great or small, is 
measured by the angle between the tangents drawn to 
them at their point of intersection. 

The Angle between two Great Circles is equal 
to— 

(1). The angle between their planes. 

For the tangents to them at their point of intersection 
lie in their respective planes and are perpendicular to their 
common diameter. 

(2). The arc intercepted by them on the great circle to which 
they are secondaries. 

For if ^C and BC (fig. 2) be secondaries to AB they 




are perpendicular to AB^ and are each quadrants ; there- 
fore OA and OB are perpendiculars to 0C\ hence the 
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angle between OA and OB^ or the arc ABj is the angle 
between the planes oi AC and BC. 

(3j. The angular distance between their poks. 
For the angular distance between the poles of two circles 
is the same as the angle between their axes ; but the axes 
are perpendicular to the planes of the circles, and the angle 
between the perpendiculars to two planes is equal to the 
angle between the planes. 

Hence, by drawing a great circle parallel to a small 
circle, we see that the angle between the planes of a great 
and a small circle, or the angle between the planes of two 
small circles, is equal to the angular distance between the 
poles of the circles. 

7. To compare the length of the arc of a email circle sttb- 
tending any angle at its centre^ mth the arc of a great circle 
subtending an equal angle at the centre of the sphere. 

Let ab (fig. 2) be an arc of a small circle subtending any 
angle at its centre 2), and let AB be an arc of a great circle 
subtending an equal angle at its centre 0, then if the cir- 
cles be placed parallel, so that they may have a common 
pole at C, will be the centre of the sphere, AC and BC 
will be quadrants, CO will be perpendicular to the planes 
ABO and abD ; and since the perimeters of circles are to 
each other as their radii, we have 

ab hD bD . .^-. • ^n m 

-7^ = -=577 = -777- = 8U1 f>OD = sm JC; = cos bB. 
AB BU bO 

The above equation expresses the arc of a parallel of lati- 
tude in terms of the latitude of the place and the corre- 
sponding arc of the Equator. Thus ab = AB cos (latitude) ; 
or, the distance ab between two places in the same latitude, 
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measured on the parallel, is equal to the differenoe of lon- 
gitude {AB) multiplied by the cosine of the latitude. 

8. The liune. — ^A Lune is a portion of the surface of 
a sphere enclosed by two great circles. 

In fig. 1 the area AC BE A is a lune, so also is the 
area AEBC'A. 

The angle between the two great circles bounding the 
lune is called the Angle of the Lune. 

The area of a lune is readily expressed in terms of the 
angle of the lune and radius of the sphere. For we have 
evidently — 

Area of Lune : Area of Sphere : : Angle of Lune : iir ; 

or, denoting the angle of the lune by Ay and assuming the 
area of the sphere to be 47rr', where r is the radius of the 

sphere, 

Area of Lune = 2Af^. 

9. Theorem. — Any section of the surface of a sphere by 
a plane is a circle. 

For (fig. 1) if OD be let fall from 0, the centre of the 
sphere, perpendicular to the plane CC\ we have 

CD' ^CCf- OB" = constant, 

since CO is constant, and OB is fixed. Hence, every point 
of the section of the surface is equidistant from 2), and 
therefore lies on a circle round B as centre. 

10. The intersection of two spherical surfaces is a circle. 
Consider the triangle ABX formed by joining the 

centres A and B of the two spheres and any point X on 
their curve of intersection. The sides of this triangle are 
given, and the line of centres AB is fixed ; hence the oppo- 
site vertex X {i. e. the variable point on the curve of sec- 
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tion of the two spheres) is at a constant distance from ABy 
or lies on a circle having AB for axis. 

This property is more general than that stated in the 
previous Article, and reduces to it as a particular case by 
supposing the radius of either sphere to become infinitely 
great. 

11. Solid Angles. — When three or more planes inter- 
sect at a point they form a solid angle at that point. There 
is a solid angle, for example, at each comer of a cube, and 
at each vertex of a tetrahedron or pyramid. Every sur- 
face in the neighbourhood of a point subtends a solid 
angle at that point, the solid angle being enclosed by the 
lines drawn from the point to the contour of the surface. 




Fig. 3. 

Let ABOD (fig. 3) be any surface or plane area. From 
any point draw lines OAy OB^ OC, OD, &o., touching 
the surface (or passing through the boundary of the plane 
area)« These lines form a Mnd of irregular cone, having 
its vertex at 0, and enclosing the surface ABCD. The 
solid angle of this cone is the solid angle which ABCD 
subtends at 0. To measure this angle, an expedient simi* 
lar to that employed in reckoning plane angles by circular 
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measure is used. About describe a sphere of unit ra- 
dius, and let the cone formed by the lines from to ABCD 
intersect the surface of this sphere in the curve AS CD'. 
The curve A'B^C'D' will enclose an area on the surface of 
the sphere, and this area measures the solid angle at 0, 
just as the arc of a circle of unit radius measures the angle 
it subtends at the centre. 

Since the radius of the sphere is unity, its area is 47r ; 
hence the solid angle subtended at by the n^^ part of 

the surface of the sphere is — . 

^ n 

Example. 
The solid angle at a comer of a cube is -• 

12. Theorem. — The point of intersection of two great 
circles and the arc joining their poles are pole and polar with 
respect to one another. 

For let A and B be the two points, LO and MO their 
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Fig. 4. 

polars, the point of intersection of the polars ; then OA 
B ^, OB - -x ; henoe OA and OB are secondaries to AB ; 
.-. &c. (Art. 5 (2) ). 
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Examples. 

1. Two great circles bisect each other. 

They have a common diameter. 

2. The axis of any circle is determined by the intersection of two of its 
secondaries (Art. 6, sec. (3)). 

3. Find the locus of the centres of a system of circles having common 
secondaries. Ans, The common axis of the system. 

4. The pole of any great circle is ninety degrees from the circumference 
(Art. 4). 

6. The arc drawn through the poles of two great circles cuts both at right 
angles. 

5^. Draw a great circle cutting two given ciroleS) great or small, at right 
angles. 

6. If three or more great circles are concurrent their poles are eoncyclic. 

7. Any great circle is the locus of the poles of all its secondaries. 

8. If from any point on the surface of a sphere two great circles can be 
drawn perpendicular to a given great circle, that point is the pole of the 
circle. 

[For, each of the arcs drawn perpendicular are secondaries ; .*. &c. (Art. 
6, sec. (2)).] 

9. The external bisector of an angle passes through the pole of the in- 
ternal bisector; and conversely. 

10. If two great circles are equally inclined to a third, their poles are 
equidistant from the pole of the third. 

11. Two equal small circles are drawn touching each other : show that the 
angle between their planes is twice the complement of their spherical radius. 

— (Sdenee and Art Examinatum Papers.) 

For, join the centres of the small circles to the centre of the sphere, and 
also to the point of contact of the circles. 

Then, the lines drawn to the centre of tbe sphere contain an angle equal 
to twice the spherical radius of either small circle, and the lines drawn to 
the point of contact of the small circles contain an angle equal to the inclina- 
tion of the planes of the circles ; therefore, &c. (Eite. in. 22.) 
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12. On a spliere whoee ladius is r a small circle of spherical ladius, B, is 
described, and a great circle is described having its pole on the small circle ; 
show that the length of their common chord is 

2'* / :rr 

V - cos 2a. 
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{Science and Art Examination Papers,) 

For, the angle between the axis of the small circle and the plane of the 

great circle is evidently 90 — B, Hence the distance, i/, from the middle 

point of the common chord to the centre of the small circle is given by the 

equation 

(^ = r cos 9 cot B. 

Again, if <; be the common chord, it follows that 

fvu.6 






since r mt4 is the radius of the small circle ; therefore 



2r / ^ 

e = -; — V — COS 2B, 

Bin B 

the negative sign occurring under the radical, since 29 must be greater than 
90** for real section. 

NoTB — Hence the segments of a great circle, made by the intersection of a 
small circle of given radius, may be calculated on a sphere of given radius. 

13. The angle subtended at the centre of a circle, great or small, by two 
points on it, is equal to the angle subtended by them at its pole. (Art. 6.) 

14. If through the centre of a sphere a line be drawn parallel to a chord 
AB of a semicircle ABC described thereon, it meets the sphere at the middle 
point of the arc BC. 

16. Given A^ B, C, D, four points on a segment of a circle; prove the 
lelationB: — 

a^ sin BC sin AD -^wnCA smBD + sin AB sin CD = 0. 
/r. 8in^CcoB^D + Bin(7^cos^D + 8in^^cosCD = 0« 
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CHAPTER II. 

Spherical Triangles. 

13. In the present chapter it will be shown that geome- 
trical figures drawn on the surface of a sphere (or different 
spheres of equal radii) have many properties and relation- 
ships analogous to those of corresponding figures described 
on a plane surface ; and with the latter the reader is sup- 
posed to be already familiar. 

14. Definitions. — ^By a Spherical Mgure is meant a por- 
tion of the surface of a sphere enclosed by arcs of great* 
circles, e. g. 

A Spherical Triangle is bounded by the arcs of three 
great circles; a Spherical Quadrilateral by four great 
circles; a Spherical Polygon by many great circles. 

In the particular case, when the number of enclosing 
arcs becomes indefinitely great, the figure becomes a Sphe- 
,rical Curve, A great circle drawn through two indefinitely 
near points on a curve is a Tangent Circle to the curve. 
Great and Small Circles are examples of spherical curves. 

The arcs are generally spoken of as the SideSy and their 
angles of inclination as the Angles of the Spherical figure. 

Since, however, three great circles on a sphere intersect 
one another so as to form eigtd triangles, for the sake of 
convenience, and to avoid ambiguity, that particular tri- 
angle is selected which has two, or if possible, three sides 
each less than a quadrant. 

* Unless otherwise stated. 
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The three sides and three angles are termed the Parts 
of a spherical triangle ; and, as will be hereafter seen, any 
three whatever given in magnitude are necessary and suf- 
ficient to determine the remaining three. 

15. By the Arc connecting two points on a sphere, 
unless otherwise expressed, we mean the lesser segment of 
the great circle passing through the points -(see Chap. I. 
Art. 3). 

Examples. 

1. Each side of a spherical triangle is less than two right angles. 

2. Each angle is less than two right angles. For if possible let ABC be 
a spherical triangle, having an angle at A greater than two right angles. 
Continue the arc BA to the point X on the side BC. 

Then BX is a semicircle ; hence BX + CX is greater ; therefore ABC is 
not a spherical triangle. 

c 




X 

Fig. 6. 
3, The area of any spherical triangle is less than 2irr^. (See Art. 8.) 

16. Colnnar or Associated Triangles. — By pro- 
ducing the sides of a triangle below the base, a triangle is 
formed, having two sides and the opposite angles respec- 
tively supplemental to two sides and the opposite angles 
of the original triangle, while the remaining angle of the 
one is equal to the remaining angle of the other (being 
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opposite angles of a lune). Triangles whose parts are so 
related are termed Coluna)% and the three triangles colunar 
with the given one are sometimes termed its Associated 
Tiiangles, The triangle taken in the first instance is 
called the Primitive Triangle. 

Examples. 

1. The three associated triangles, taken in pairs, have a side and an oppo- 
site angle of the one equal to a side and an opposite angle of the other. 

2. When a triangle is equilateral, the colunars are each isosceles. 

3. The arcs joining the vertices of the colunar triangles are equal to the 
sides of the primitive triangle. 

17. Parts of a Spherical Triangle. — ^Let ABC be 
a spherical triangle described on a sphere having its centre 
at 0. Then OA = OB ^OC = the radius of the sphere. 
The arcs J5C, CA^ and AB are proportional to the angles 
BOC^ COAf and AOB^ which they subtend at the centre, 
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A 

Fig. 6. 

and the angles BAC^ ABCy and BCA between the sides 
are equal to the angles between the planes contcdning the 
solid angle at (Chap. I., Art. 6}. 

The notation for the parts of a spherical triangle adopted 
throughout will be that of Fig. 6, viz., for the three angles 
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the letters Aj By and C, and for the opposite sides the 
small letters a^ hy and c, respectively ; though, as will be 
hereafter noticed, the letters Ay By and Cy may denote 
indifferently the number of degrees in the angles or the 
circular measure of the angles. 

Any expression involving one or more parts of a tri- 
angle is a Function of those parts, and may be represented 
in a general form such as — for the side «,/(«) ; for the 
sides ay by and Cy /{ay by c) ; for two sides b and o, and 
the angle Ay /(J, c, A) ; for all the parts, /(a, J, c, 

Ay By C). 

18. Sphere of Infinite Radiiu. — ^Let two tangents 
be drawn to two great circles in their respective planes at 
the point of intersection ; the plane containing both tan- 
gents is, with respect to the sphere, the Tangent Plane at 
the point. Now consider the radius of the sphere to in- 
crease indefinitely. It is manifest that as the radius 
increases, each element of surface, and, as a consequence, 
the whole surface in the neighbourhood of the point,' 
approaches nearer and nearer to the plane ; and the great 
circles described thereon approach nearer and nearer to 
the tangents. In the limiting case, when the radius of 
the sphere becomes indefinitely great, and the curvature 
therefore indefinitely small, the great circles approximate 
so closely in position to the tangents that they may be 
regarded as coincident with one another. 

Thus the sphere and the great circles degenerate respec- 
tively into two* planes (one of which is at infinity), and 

* In accoidance with analytical geometry, but it is quite sufficient to 
understand that any finite portion of the surface is a plane. 
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two pairs of lines (one pair being also at infinity).* But 
it is to be observed that the angle of inclination of the 
planes of the great circles alone remains unaltered {cf. 
Chap. I., Art. 6). 

Hence the relations involving certain parts of a spheri- 
cal triangle may be regarded as more general than those 
involving similar parts of a plane triangle; and by the 
aid of the expansions 

a 1 a' 1 a** , . n -i. /i\ 

sm a =^ - — ^ + — ~+ . . . . to infinity, (1) 



r 

and 

la' la* 

cosfl=»l-77r — + --r-r-....to infinity, " (2) 

(2 r* 1^4 r* ^ 

* Reference to the Earth) considered as a large sphere, will elucidate this 
statement. 

The surface of a lake or any small portion of water is apparently a perfect 
plane, although it partakes of the general curvature of the Earth, which 
maybe observed in the case of the ocean, where a distinct curvature is exhi- 
bited. It can therefore be readily imagined that if the radius of the Earth 
were greatly increased, even the surface of the ocean would present no per- 
ceptible curvature. 

Now take any point on the surface, and draw a plane passing through it 
and through the centre of the Earth. This plane will cut the surface of the 
Earth in a great circle (Chap. I., Art. 9). But the surface, at any point, 
being sensibly a plane, the trace of this great circle on it will be approximately 
a right line, since the intersection of two planes is a right line. If another 
great circle be drawn through the point, the two will not differ sensibly 
from a pair of right lines intersecting at it ; and since they both pass through 
the diametrically opposite point, they will intersect at it also as a pair of 
right lines, the surface of the Earth being at this point also approximately a 
plane. Now if the radius of the Earth were indefinitely increased, no cur- 
vature whatever would be observed at any part of its surface, and the point 
diametrically opposite to any selected one would be infinitely distant from 
it, and the results stated above would follow. 
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(see Todhunter's Plane Trig.), any funotion of A, B, C, 
ay by c the parts of the former, can be transformed into a 
funotion of A, By C, a, j3, 7, the parts of the latter. It 
should, however, be clearly understood that a represents- 
the length of an arc subtending an angle a, at the centre of 
a sphere of radius r ; and when r becomes infinite the arc * 
a becomes a right line, viz., a side of the corresponding 
plane triangle. 

19. The Analogy between Problems in Plane 
and Spherical Trigonometry referred to in the pre- 
vious Article may be more clearly illustrated as follows : — 

(1). Any tiDO sides of a triangle are together greater than 
the third side. Of. Euc, Book I., Prop, xx., with Chap, i., 
Art. 3. See also Euc, XI. xx. 

(2). The angles at the base of an isosceles triangle are equal 
to one another. (Euc, I. v.) 

For, let tangents be drawn to the equal sides from the 
extremities of the base of the triangle in the planes of 
those great circles. It is manifest that the intersection of 
the tangents is a point on both planes, viz., on their com- 
mon diameter of intersection ; and th ey are equal to each 
other (Euc, I. xlvii.), since either = ^x' - r*, where x is the 
distance of the point of intersection from the centre of the 
sphere of radius r. Again, since the tangents to the base 
at its extremities are equal; therefore, &c. (Euc, I. viii.). 

(3). If two angles of a triangle are equal, the triangle is 
isosceles. 

(4)» The sum of one pair of opposite angles of a quadrila- 
teral inscribed in a circle is equal to the stim of the remaining 
pair, 

c 
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For, join the pole of the circle to the angles of the qua- 
drilateral forming four isosceles triangles ; therefore, &c. 
(Cf. Prop. 2.) 

May this property be regarded as the criterion of a cyclic spherical quadri- 
lateral? Am. Yes. 

[Any polygon on the sphere will be cyclic if its vertices are co-planar (Art. 
9, chap, i.)] 

(5). The mm of the sides of a quadrilateral is greater than 
the sum of the diagonals. (See Prop. i.). 

(6). Only one triangle can be constructed with three given 
arcs {any two of which being supposed greater than the third). 
(Cf. Euc. I. XXII.) 

(7). If two triangles have two sides and the included angle 
of the one equal to two sides and the included angle of the other y 
eojch to eachy the triangles are equal in every respect. 

For, since two sides of given length intersecting at a 
given angle determine the vertices of the triangle, there- 
fore the triangle formed by the chords of the sides is de- 
termined. 





Fig. 7. 

The identity of the chordal triangles* is self-evident, 
and hence the bases of the spherical triangles are equal 
since they are the arcs of equal chords ; therefore, &c., by 
the aid of Prop. 6. 

* Or, the triangles formed by the chords of the arcs. 
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It may be remarked that the proof of the identity of the 
triangles by superposition fails in certain oases on the 
sphere, e, g,^ when the non-corresponding sides are equal, 
as in the accompanying figure, in which case the triangles 
are symmetrically equal. 

NoT£. — It may be seen from the foregoing that the vertical angle of the 
chordal triangle is a function of the two sides and included angle of the 
spherical triangle (y., chap. viii.). 

(8). The greater side of every triangle is subtended by the 
greater angle. 

For, let ABC (fig. 8) be the given triangle having the 
angle B greater than the angle A. Draw a great circle 




Fig. 8. 

BX making the angle ABX - angle A. Then BX =AX. 
But BX+CX>BC\ therefore AC > BC. 

It may be easily shown that the theorems given in 
Euc. I., Props. XV., XIX., xxi., xxiv., xxv., xxvi., are 
more generally true for the sphere. 

(9). The internal bisectors of the angles of a triangle j or two 
external and one internal^ are concurrent. (Euc. IV. v.) [The 
points of concurrence are the poles of the small circles 
touching the sides of the triangle.] 

c2 
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(10). The area of great circles bisecting the sides of a tri" 
angle at right angles are concurrent. (Euo. IV. vi.). [The 
point of oonourrenoe is the pole of a small circle passing 
through the vertices of the triangle.] 

(11). CUven the base and sum of base angles, the external 
bisector of the vertical angle always passes through a fixed 
point. {Dublin University Exam. Papers.) 

For, let ABC (fig. 9) be a triangle having the given 




Fig 9. 

base AB. Upon AB construct an isosceles triangle AOBj 

A -\- B 

having each of the base angles OAB and OB A = — ^ — . 

Draw OX and OF secondaries to BC and ACy respectively. 
In the two right-angled triangles BOX and AOFy AO 

^BOy <OAT^ < OBX =^^-^; therefore ^r = 5X, 

and OX = OY. 

Again, compare triangles COX and COYy OX =^ OYy 
OC is common, and the angles at X and Y are right angles : 
hence CO is the bisector of the external vertical angle pass« 
ing through the fixed point above determined. 



Theorem. 
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(12). Given of a triangle the base and difference of base 
angles, the internal bisector of the vertical angle passes 
through a fixed point. (Of. Prop. (11)). 

20. Theorem. — The great circle bisecting the sides of a 
triangle intersects the base 90° distant from its middle point, 
Itet ABC (fig. 10) be the triangle; X, F, Z, the middle 

C 




points of the sides ; ALy BMj and CN^ secondaries drawn 
through the vertices of the triangle to the great circle XYj 
passing through the middle points of the sides. Let XY 
meet the base in the points D and E^ which are, therefore, 
diametrically opposite. is the pole of XY. (Chap. i. 
Ex. 8.) 

Now in the two triangles ALY and CYN we have 
AY^CY, lAYL^lCYN, and lALY^lCNY; 
therefore the triangles are equal in every respect. Hence 
AL = CN. Similarly it can be shown that BM = CN. 
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Therefore 

Again, in the two triangles ALD and BME it follows 
easily that DL = ME and AD = BE ; hence 

2)Z=ZB = 90°. 

Examples. 

1. THe arcs BL and XF are complementary. 

2. The angle Z-4r= -^ - -4 where 28 = A -fr B -V C. 

3. The triangle AOB is isosceles. 

4. The arcs OC and 0^ are supplementary. 

5. Given the base and the sum of the three angles, the locus of the vertex 
(7 is a small circle having its pole at 0. 

For under the given conditions the triangle AOB is fixed ; hence also OCy 
Dy the aid of Ex. 4 ; therefore, &c. 

Polar Triangles, 

Definition, — Two triangles so related that the vertices of 
the one are the poles of the sides of the other are called, 
with respect to one another, Polar Triangles, 

21. Reciprocal Relations of the Sides and Angles 
off Polar Triangles. — If two triangles he so related that 
the vertices of the one are the poles of the corresponding sides 
of the other ; then, conversely y the vertices of the latter shall he 
the poles of the corresponding sides of the former. 

Let the points -4, 5, and C (fig. 11) be respectively the 
poles* of B^Cy C'A\ and A'B^ the sides of the triangle 

* The poles of the sides of a triangle may be conveniently obtained by 
drawing great circles through the vertices perpendicular to the opposite sides 



Polar Triangles. 



23 



ABC\ Produce the side SC (if necessary) to meet AC 
in the point iEfiand AB in the point iV. 




Fig. 11. 

Now, since A is the pole of P^G\ the arc AS is a qua- 
drant ; and since G is the pole of AS^ the arc CS is a 
quadrant ; hence S is the pole of -4(7: similarly, A! is the 
pole of BCy and (f the pole of AB ; therefore, &c. (Art. 
12). 

The arcs connecting the corresponding vertices of a triangle and its polar 
pass through a point. 

Note. — [For the arcs at Jf, F, Z (fig. 10), i>erpendicular to the sides of 
the triangle ABC, are concurrent (Art. 19 (10)). Hence, by Art. 20, the 
perpendiculars of the triangle ZFZ, and, therefore, of any spherical triangle, 
are concurrent ; and since AA\ BW^ CC\ are the perpendiculars of the tri- 
angle A'B'C ; therefore, &c.] 

22. Theorem. — The angles of the primitive triangle are 
the supplements of the corresponding sides of the polar ; and 
conversely. 

Since S (fig. 11) is the pole of ACy B!M is a quadrant, 
and for a similar reason C'N is also a quadrant (Chap, i., 
Ex. 4). 



and by taking points on Uiem (measured from the side4 towards the vertices) 
90° distant from the sides. These points are evidently the required poles. 
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Hence MN + B'C = two right angles. 

But MN is equal to the angle A ; therefore the angle 
A and the side B'C^ are supplemental. 

Similarly, the angles B and C are the supplements of 
the sides C'A' and A'B" respectively ; therefore, &o. 

Note. Prom the above property Polar Triangles are 
also termed Supplemental Triangles; and if a', J', e\ 
A\ B'y (7, represent the parts of the triangle A'SCf 
(fig. 11), it follows that 

-4 + a' = ^ + &' = + c' = IT. 
Also 

-4' + a = ^ + 6 = C + c = IT. 

These results are of the greatest importance, inasmuch 
as any theorem which holds good between the sides and 
angles (e.g. a, J, c. A, B) of a spherical triangle necessarily 
involves a reciprocal or supplemental theorem, involving 
the opposite angles and sides (viz. A^ By C, a, b), and 
which may be derived from it by changing the sides into 
the supplements of the corresponding angles, and the 
angles into the supplements of the corresponding sides. 

23. The results obtained in the previous Article may 
be further exemplified, as follows : — 

(1). It has been seen that two sides of a triangle are 
greater than the third : thus b + c> a. 

Applying this inequality to the sides of the supple- 
mental triangle, it follows that 

7r--B + 7r-C7> ir - A, 
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Hence, jB + C - -4 < ir, i. e. S - -4 < ^, (1) 

Similarly, (7+ ^ - £ < ir, i.e. S-5 < |. (2) 

And A + B ^ C < IT, i.e./S-C7<^. (3) 

Or, the difference between any two angles of a spherical 
triangle is less than the supplement of the third angle, 

Fartioulax cases of the inequalities (1), (2), and (3) are 
worthy of notice. 

a. Suppose, for example, that the primitive triangle is 
right-angled at (7, it follows from (3) that 

"2 * 

or, tJie sum of the angles of a right-angled triangle is less than 
four right angles. 

/3. It likewise follows, by the aid of (2), that 

or, the difference of the ohliqtie angles of a right-angled 
triangle is less than a right angle. 

(2). Prop. (2), Art. 19, involves the converse theorem, 
viz., if two angles of a triangle are equal, the sides sub- 
tending them are also equal. [See Prop. (3), Art. 19.] 

(3). Prop. (8), Art. 19, involves the converse theorem, 
viz., the greater angle is subtended by the greater side. 

(4). Prop. (7), Art. 19, involves the supplemental theo- 
rem, viz., If two triangles have two angles and a side of the 
one equal to two angles and a side of the other, the sides 
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being similarly situated with respect to the equal angles, 
the triangles are equal in every respect. 

(5). In any triangle ii O = A + B, then C - A and 
C - B are each less than a right angle. 

For (7 - ^ = 5, and - jB = ^ ; but 5 + C - ^ < ir ; 

It TT 

hence -B < ^> ^"^^ -^ < h > therefore, &c. 



Examples. 

1. Given two angles of a triangle to be 45° and 120°, find the maximum 
value of the third angle. 

Let A be the third angle, then by aid of (1), 

^ + 120 - 46 < 180°. 
Hence, 

A < 105°. 

2. The angles of a triangle are A, 30° and 160°; find the maximum valii» 
of A. Ant. A < 60°. 

[Proof as before.] 

3. If the angles are Ay 20° and 110°, find the maximum value of A. 

Ans, A < 90°. 

4. If the difference between any two angles of a triangle is equal to 90°,, 
the remaining angle is less than 90°. [Cf. Art. 23, i9%] 

5. If the primitive triangle be equilateral or isosceles, the supplemental 
triangle is equilateral or isosceles. 

24. Theorem. — If tico sides of a triangle are supple- 
mental, the opposite angles are supplemental. 

For in the triangle ABC (fig. 12), if ^O+jte^- tt, 
since the arc ABA' is a semicircle, then will 

AC - A'By and A'C = AB. 
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Therefore the two triangles ABC and A'BC are eqnal in 
every respect ; therefore, &c. 

Examples. 

1. If two sides of a triangle are supplemental, two sides of the polar 
tiiangle are likewise supplemental. 

2. In fig. 12, the arc joining the middle point M of SC with A or A' is 
a quadrant. 

[The triangles ^'^if and ACMaie equal in every respect.] 

3. Giyen the base of a spherical triangle, and the sum of the sides equal 
to two right angles, find the locus of the vertex. Ans. A great circle, 
having the middle point of the base as pole (Ex. 2). 

25. Angular Umits of the §ides and Angles of 
a Spherieal Triangle. — It has been said that each side 
and each angle of a spherical triangle may have any 
values between 0° and tt. It is, therefore, manifest that 
the sum of the angles cannot exceed Sir ; and it will be 
here shown that the sum of the sides cannot exceed 2ir. 
For in the triangle A'BC (fig. 1% 




Fig. 12. 

BC < A'C + A'B. 

To each add -4(7 + AB. 

Hence, 

BC + CA ^ AB < AC + A'C -^^ AB ^ A'B < 2ir. 
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Hence a + b •¥ c can have any values between (f and 2ir, 
and A + B -¥ C can have any values between ir and 3ir. 
The latter may be seen otherwise, thus : — 
Since 0°, a + 6 + c, 2ir, are in ascending order of 
magnitude ; hence, for the supplemental triangle, 

0°, wA-^^vB + TT-Cj 2v 

are likewise in ascending order of magnitude; there- 
fore, &c. 

Examples. 

1. Any dde of a triangle is greater than the difference between the other 
two sides. 

2. When does the primitiye triangle coincide with the snppleoiental ? 

Ans. When its sides and angles are each -• 
NoTB. — Such a triangle is called a Quadrantal Triangle. 

3. Assuming the earth to be a sphere, is the area included between two 
meridians and a parallel of latitude a spherical triangle ? Give a reason for 
your answer. {Se. and Art Exam, Papers.) 

4. The sides a and d of a triangle are produced both ways to points x and 
off y and y% 90° distant from the middle point of the sides. Show that, if 
secondaries to the sides from x and y intersect in P, and from of and y' in 
P', the points P and P* are diametrically opposite. 

5. The triangle P'C^S^ is the polar triangle of that formed by joining the 
middle points of the sides of ABC, where Q[ and JS' are formed by similarly 
producing the sides e and a, a and h, through the extremities of the remaining 
side. 

6. If a, b, e, d be the sides of a spherical quadrilateral inscribed in a circle, 
Z and ^ its diagonals, show that 

sin}asin}0 + sinj^sin Jif = sin J^sin JS'. ^ 

[Apply Ptolemy's Theorem to the chordal quadrilateral, and notice that the 
chord of the side a is proportional to sin }a, &c.] 
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CHAPTER III. 

FUNDAMENTAL RELATIONS BETWEEN THE PARTS OF A 

SPHERICAL TRIANGLE. 

Secttion I. 

26. Having given the sides of a spherical triangkj to deter- 
mine the cosines of the angles. 



''<: 



\ 



Let ABC be a spherioal triangle ; a, b, and c, its sides ; 
.0 the centre of the sphere. Draw CD and CJE tangents 
to a and b at C* 

Since these tangents lie in the planes of the eiroles to 
whioh they are drawn, they will meet the radii OB and 

* The same result will be obtained if, instead of drawing tangents at C, 
any point C* be taken on 00^ and lines C'l/ and CJE' be drawn perpen- 
dicular to it, meeting OB and OA in 1/ and ^, respectively. 
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OA in D and E respectively, and the angle between EC 
and CD is equal to the angle C (Chap, i., Art. 6). 
Now, from the two triangles ECD and EOD we have 

DE^ = CD^ + CE^ - 2CD . CE . cosC ... (a) 
Also BE^ ^OIP^ OE^ - 202) .OE.oo&e...; O) 

and since the angles OCE and OCD are each 90°, 

OC - OD^ - CD* = OE' - CJ?'. 
Hence, on subtracting (a) from (/3), 

= OC + CD . CjFcos C - OD . OE . cose; 

OC OC C2) C^ 

^''=0D- o^^oD- as"^'^' 

therefore, cos c = cos a cos b + sin a sin J cos C. 
Similarly, cos 6 = cos e cos a + sin c sin a cos By \ (1) 

and cos a = cos b cos c + sin 6 sin e; cos A. 

From these formulae we obtain the angles in terms of 

the sides. Thus : 

cos a - cos J cos c \ 



cos A = 



COB B 



sin bBiae 
cos b - cos c COS a 



sine sin a 



^ cos c - cos a cos b 

COS G = ; J f • • •! 

sm a sm o I 



(2) 



These results are of special importance, and the student 
should make himself perfectly familiar with them at the 
outset. 
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They apply to all spherical triangles^ whether the arcs be 
greater or less than quadrants, 

27. Oenerallzatlon. — In the preceding Article it is plain, on referring 
to the figare, that the proof given only applies to a spherical triangle haying 

the sides a and h each less than -. For, in the two triangles OCE and OCBy 

each light -angled at C^ the angles COE and COD are acute, and therefore 

the arcs a and h suhtended hy them on the sphere are less than -. No such 

restriction has been placed on the limits of the remaining side«: it may, 

therefore, be greater, equal to, or less than -. 

It therefore remains to be shown that the foregoing theorem is appli- 
cable when either of ox both the sides a and b are greater than quadrants. 

(I). In the former ease let a be greater than, and b less than, a quadrant. 



B'< 



Let a and e (fig. 14) be produced to meet in 5*. Then in the triangle 
AB^C, by the preceding it follows that 

cos ASf = cos ^(7 cos -4C + sin ^'C^sin AC cob ACB' ; 

therefore, 

cos a = cos a cos ^ + sin a sin ^ cos C. 

(2). In the latter ease let a and b (fig. 15) be each greater than a quadrant 



c'<. 
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Then in the triangle ABC we have 

cofl0 = coBBCcoaAC -^^ BmBCeinACfcOBC; 
or, 

COB c ss cosa COS d + sin a sin & COS C, 

The remaining cases, when either of or both the sides a and b are 
quadrants, are left as easy exercises for the student. The f ormiilsB referred 
to are, therefore, applicable to all triangles drawn on the surface of a 
sphere. 

Exercises on Fundamental Formulce (1) and (2). 

Let =^, 

(1). Hence cos^ = cos a cos ^. 

(2). Again, from the formula, 

cos — cos b cos e 

COB A = z—T—. . 

sin ^ sin 

On substituting the value of cos a from Ex. (1) we have 

tan^ 
COB^ = ' — . 
tanc 

Similarly, 

■» tana 

cosB = . 

tan e 

(3). On substituting the value of cos d from Ex. (1) we have from (2), 
after reduction, 

. . sin a 
Bin ^ s -; — . 
Bintf 

Similarly, 

. _ sin* 

sine 

(4). From Examples (2) and (3) we have, by division, 

tana = tan^sin^, 
and 

tand B tan ^ sin a. 
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(6). From (4) weha^e 

tan a tan b = tan^ tan B . sin a sin b ; 
or, 

cot ^ cot ^ 8 COB a cos b = cos e. 

(6). From (2) and (3) we have 

cos ^ = cos a sin B. 

The above six formulsB, connecting the sides and angles of a right -angled 
triangle, are expressed in general terms thus: — 

(1). cos (hypotenuse) = product of cosines of sides. 

(2). cos (angle) = tangent (adjacent side) -J- tan (hypotenuse). 

(3). sin (angle) = sin (opposite side) -^ sin (hypotenuse). 

(4). tan (side) = tan (opposite angle) x sin (remaining side). 

(5). cos (hypotenuse) = product of cotangents of base angles. 

(6). cos (angle) = cob (opposite side) x sin (remaining angle). 

(7). Let|^ = £.= -, and the expression 

cosa s= cos^costf + sin dsin^cos^ 

reduces to 

cos a = COB -4, ( Vide Art. 6, fig. 2.) 

as is otherwise evident, since in this case C is the pole of AB. 

(8). Let a = b = e; 

then cos a = cos' a + sin* a cos A ; 

or, cos a (1 - cos a) = (1 — cos* «) cos ^. 

Hence, sec -4 = 1 + sec a, 

a constant relation between the angle and side of an equilateral spherical 
triangle. 

(9). Given a side or angle of an equilateral triangle; solve it completely, 
and deduce the limiting values of the sides and angles of an equilateral 
triangle. -^pply Ex» (8). 

(10) Given the latitudes and difference of longitude of two places on the 
Earth's surface, compute the distance between them. 

{Science and Art Exam. Papers). 
1) 
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28. Analoi^oas Vormala In Piano. — Supposing the radius of the 
sphere to be indefinitely great, show that the formula 

cos a — cos b cos c 



sin ^ sin <r 



= C08-4 



degenerates into — — = cos ^^ 

where A is an angle, and a, B, and y the sides of a plane triangle. 

Expanding cosa, &c., by the aid of formulae, Chap, ii., Art. 18, and 
neglecting all powers of the radius above the second, we have 



V' \%'^) V \2f) V [2r0 ^ 



cos^, 
3 7 



r r 
which reduces to 

/B3 + 72 - a* 



= C06^. 



2/37 ^ 

29. Ijei^endre's Theorem. — If the sides of a spherical triangle be 
small compared with the radius of the sphere, then each angle of the spherical 
triangle exceeds by one-third of the spherical excess the corresponding angle of, 
the plane triangle, the sides of which are of the same length as the arcs of the^ 
spherical triangle. 

In the foregoing example the powers of the radius higher than the second 
were neglected. Suppose, however, a closer approximation to be made, and 
the powers of r above the/o«rM neglected. 

Then 



cos^ 



r \ 6rV r \ Qr-/ 



jB' + 7^ - gg ft4 _ 34 , y ^ 6i3V 
2r» "^ 24r* 

iB7 /, _ i8l:Ll'Y 

r2 \ 6r2 / 

But, by the aid of the Binomial Theorem we bave 

.. = ( 1 ^rir- I = 1 + — «— , - nearly. 

6ra 



Legendre'a Theorem. 
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Hence 



CQ^A = 






24r* 
i3r 



^ 3H7^-a' _ 2jB V + 2y^ttg + 2a^)S» - »* -• jS* -7* 
237 24/B7>'» : 

Now consider a plane triangle of sides a, fi, and 7 ; angles A*, h', and C ; 
and area = A = i/37 sin i4'. 

The above equation reduces to the form (Plane Trig.) 

sin 2^' . $y 



cos A = cos A' — 



6r2 



Let the excess of A over A* be denoted by (^, 9 being a yery «mall 
quantity ; then A = A* ■\- 0, and 

cos -4 = cos A' — $ sin A' nearly; 

therefore, 

sin'^' /. ' . 

cos A r /B7 = cos A - 9 sm A ; 



6r» 



or, 






We have therefore, 



A =A 







8r ' A - 



C + 



"Whence 



or. 



A -hB ■\-C - w = ,. 



r? 



But the expression A + B ■\- (7 - ir denotes the excess of the sum of 
the angles of a spherical triangle over the sum of the angles of a plane 
triangle (both being expressed in circular measure), and is therefore cJedled 
the Sphetieal Exeeu ; therefore, &c. 

d2 



36 



Fundamental Relations between the Parts, 



Section II. 

30. Eicpression for the sine of an angle of a spherical tri- 
angle in terms of the trigonometrical functions of the sides. 

We have (Art. 26), 

cos a - cos b cos c 



therefo;re 
sin'^ = 1 - 



cos-4 = . , . 

sm sin c 

cos a - cos b cos c\' 



s^ 



sin b sin c 

sin' b sin' c - (co8« - cos 6 cos c)' 
sin'^ b sin' c 

(1 - cos' b) {\ - cos' c) - (cos a - cos b cos cy 

sin' b sin' c 

1 - cos' a - cos' b - cos' c + 2 cos a cos 6 cos c 



sin' b sin' c 



4^^" 



sin' b sin' c' 
where 

4«' = 1 - cos' fl - cos' b - cos' e + 2 cos a cos 6 cos r ; * 

, . . 2w ^ 

hence 



Similarly 



and 



DIU 


.^x — 


sin ^ sin c 


• . 


sin 


B^- 


2n. 




sin c sin « 


■■ 


sin 


C = 


2n 
sin a sin b 


• • 



(3) 



* This function has heen called the sine of the solid angle that the tri- 
angle subtends at the centre of the sphere {vide Salmon's Geometry of Three 
Dimensions, Art. 64), and may be written in the determinant form 

1, cos c, cos b 

cos Cy \y cos a 
cos bf COS (f, I 
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31. Rale of Sines. — From the value of sin A in the 

previous Article we have at once 

sin -4 sin 5 sin C 2n ,.. 

— ; = —; = — ; = — . : ; . (4) 

sin a sin h sin c sin a sin h sin c 

Hence * the shies of the angles of a spherical triangle are 
proportional to the sines of the opposite sides. 

The corresponding theorem in piano is, " The Sines of the 
Angles of a Plane Triangle are proportional to the opposite 
Sides" (Griffin's Plane Trig., p. 30). 

Examples. 

1. Given the base c and the function n, find the locus of the vertex. 

{Q. U. i., Exam. Papers,) 

Since sin ^ = -. — - -. - - , 

sino sin c 

we have given sin 4 sin ^, which, by the aid of Art 31, or 27, Ex. 3, 
is equal to sin P, where P is the perpendicular from the vertex on the base. 
The locus is, therefore, a small circle having the same poles as the base. 

2. If a, 3f Ti be the perpendiculars of a trian^e, prove that 

sin a sin a = sin ^ sin 3 = sin sin 7 = 2fi. 

For (Art. 27, Ex. 3), 

sin a = sin ^ sin t7, t^fi^tasie imA^ sin y = sin a sin ^ ; 
therefore, &c. (Art. 30 (3)). 

Remark, — The rule of sines follows at once from the 

equation 

. , . ^ . . Ti sinjB sinh 
Bin a = Bin 6 Bin C7 - sin c sin -a ; ,\ - — -p, = -, — . 

sin u sin c 

Therefore, &c. 

* Or thus : — take P, the pole of the side «, and apply equation (1) Art. 26, 
to the triangles ACP and BCP, Then cos CP = sin a sin ^ = sin hmiJ. 
Therefore, &c. 
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3. In £z. 2 show that 



Bin a cos o = V cos'* b + cos' e — 2 cos a cos b cos c, 

with similar expressions for cos fi and cos y. 
Since 



. , . ^ Vl — cos*« — cos"'^ — cos^c + 2cosa cos^ cose 

sin o = sin ft sin C7 = -. • 

sin a 

Hence sin^ a sin^ a or sin' a — sin' a cos' a 

= 1 - cos' a - cob' ft - cob' <? + 2 cos a cos ft cob o ; 

therefore, &c. 

4. The sines of the segments of the base of a triangle made by the bisec- 
tors of the internal and external vertical angle are to one another as the sines 
of the adjacent sides. (Gf. £uc. YI., iii.) 

6. The bisector of the base divides the vertical angle into two parts, the 
ratio of whose sines is the inverse ratio of the sines of the adjacent sides. 

6. If if be the middle point of the base AB of a triangle ABC and M* * 

a point on the base such that the angle ACM is equal to the angle BCM' 

prove that 

sin^if' : sin^Jf' : : sin' ft : sin' a. 

7. If j7i, j?2, be the perpendiculars drawn from the mid-point M of the base 
of a spherical triangle on the great circle bisectors of the vertical angle Ay 
and p% the perpendicular from A on the great circle perpendicular to the base 
through Mj prove — 

(1). sinpi sin/^ = ^sinj^s sin- sin(0+ C). 

(2). Qive the analogous theorem for a plane triangle. 

{Educational Times, August, 1884.) 

Let M and %he the points where the external and internal bisectors meet 
the perpendicular through M; then 

8inj?i Bin^ ^ sin 3fz einx , sin Mp sin y sin Mx . sin My ^ 
sinjTs sin.^^.sin^ " ainxy * 

therefore, &c. 

(2), Ana. ^^ = a^A. 
Pi 

* The arc CM' is called a Symmedian of the triangle ABC. 



Oeametrical Proof of the Rule of Sines. 
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32. Cfeometrlcal Proof of the Rale of Sines. — 

To show geometrically that the sines of the angles of a spheri- 
cal triangle are proportional to the sines of the opposite sides. 
Let ABC (fig. 16) be a spherical triangle, the centre 
of the sphere. Prom any point P in OC let fall a perpen- 




Fig. 16. 

dicular PD on the plane A OB, Join OD, and let fall DE 
perpendicular on OA. Join PE. PD is perpendicular to 
all lines drawn through D in the plane A OB. 
Now 

OP' = OJD' + PD'=OE' + DE'^PD' = OE' + PE'; 

therefore PEO is a right angle. 

Now, since PE and DE are drawn in the planes OAC 
and OAB perpehdicular to their line of intersection OA^ 

L PED ^lA\ 
therefore 



. , PD , , PE 



and 



sin A«ai.b = 



PD 
OF 



■PHWa^ 
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Similarly, by letting fall a perpendicular DF on OB we 



get 



hence 



sin J9 sin a - jr^ = sin ufl sin d ; 

sin -4 ^ _ sin J8 _ sin C 
sin a sin i sin o ' 



33. Expressions for the sine, cosine^ and tangent of half an 
angle of a triangle as functions of the sides. 

We h^ve 



2 cos'-jj = 1 + C08-4 



= 1 + 



COS fl - 008 J COS C 

sin i sin 6^ 



(Art. 26 (2)). 



^ . (a + 6 + c) . (6+c-a) 
cos a - cos (o + c) 2 2 



sin h sin c 



sin i sine 



2sm« sm(«-fl) i « r 

-. — ;— T^ — ^, where 2s = a ■¥ b -\- c; 

sin 6 sin 



hence 



cos 



Similarly, 



cos 



and 



COS 



^ ^ /sin « sin (» - «) ^ 
2 \ sini sine 

£ _ / sin « sin (s - 6) I 
2 \ sin sin a 

C^ _ /sin«sin(« -c) 
2 \ sin a sin i 



(0) 



ExpresHiofiH for Sin ^, Cos-^, and Tan-^. 
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Again, 



A 

2 sin' -^ = 1 - 008 -4 



= 1- 



co&a - cos 6 cos^ 
sin 6 sin 



hence 



Similarly, 



and 



cos (b-c) - cos a 
sin 6 sin 

2 fiin (« - b) sin (« - c) 
sin b sin e; 



g.^-4^ l sin(a-i)sin(g~c) ^ 
2 \ sin 6 sin (7 



. B /sin(« 

sin-= / ^ 

2 \ SI 



-e) sin(«-a) 



sin e sin a 






. C /8in(«-a)si 

sin TT = / ^^-^ — —T 

2 \ sin a SI 



- a) sin (« - b) 



sin 6 / 



From the above results we obtain 



. A 

, A «"^-2 



cos -2 



/ sin I 
" \ si 



(« - b) sin (« - c) 



sin « sin (s - a) ' 



with similar expressions for tan -^ and tan -^. 



NOTB. — 



. A A 



(6) 



(7) 



8m^ = 28m — C06— = . , . — Vain* sin («- a) sin (a- ft) 8m(»-c); 
2 2 sm ft sm <; 

(From (5) md (6)). 
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hence 

sin ^ sin ^ sin C 2 



: — Vain « sin (« — a) sin (» - b) sin (» — c). 



sin a sin 6 sine sin sin 4 sin « 

Comparing this expression for sin A with that derived in Art. 30, we see 
that 

sin*. 8in(«~a). sin(«^^) .sin(«- e) 
« J (1 — C08'« - 008*4 - cos'c + 2 COB a cos 4 cos e) 

an idmtitjf which can be readily proved by direct multiplication of the lour 

faoton, sins, 8in(« — a), sin («—&), and sin («-<;). 

Thus, 

28in«8in («-•) = oo6«-co6(&+c) and 28in(«- &)sin(«-c) 

= cos(4 — c)-C08a; 
therefore, &c. 

Examples. 

1. Find the conditions that 

1 — 0OB*a— 0OB*d~cos*c + 2cosa cosd coses 0. 

2. Prove that 

8n' s sin'a sin* b sin* c sin ^ sin J? sin (7. 

3. Prove that 

J JR C 

cot -- : cot — : cot ~ = sin (»- fl) : sin (» - 4) : sin (» - e). 

Z m St 

4. Prove that 

B ^ C sin(«-a) 

tan — tan — = — ^^ , 

2 2 sin« 

6. Prove that 

B . C 
sin— sin— 
2 2 
sin (« — a) = sin a, 

sm- 
witli similar expresuons for an (t-b) and 8in(<-e). 
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6. Prove that 



£ C 

cos — COS — 

2 2 

sin « = sin a. 

. A. 
sin— • 
2 



7. Prove that 



... . ^ . J . C n« 
sin sin sm . sin — . sin — . sin - 



2 * 2 ' 2 sin« 
8. Prove that 

. A B 8in(«-*) C 

sin — cos — = — J cos — . 

2 2 sin<; 2 

Note.* — By the aid of a similar equation, 

A . B sin(»-«) C 

cos — sin — = — 7 cos — . 

2 2 Bin<; 2 

We have, on adding and subtracting, 

. A-\-B e a-b C , , 

sin ^ <^<*^ 2 ^ ^^^ ~y ^*^^ 2 * ^"^ 

. A-B . c . a-4 C .^, 

sm — — sin- = sin —^ cos -. (i3) 



Again, from Examples 6 and 6, we have 



A + J? c a + b , C 

cos — - — cos - = cos — r— Sin -. (y) 

2 2 2 2 ^" 



A-B . e . a-\-b , C ^,. 

cos — - — sm - = sin —r — sm —. (5) 

2 2 2 2 ^ ' 



four equations which will be afterwards proved geometrically. 



* The equations a, fi, 7, 8, are known as Gauss's Formulae, and the equa- 
tions a, $\ y, 8' (Ex. 9), are known as Napier's Analogies. They will all 
be further discussed later on. 
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9. Prove that 



« cos — -— ^ 
(a), tan — - — = . cot— r 

cos — 



sm 

A-B 2 G 

(i3 . tan — ;— - = I cot-. 

^ ' 2 . a+6 2 

sin ^ 



COB — -— 

a -f * 2 ^ c 

(V). tan^- =-_3_gtan-. 

cos— — 



. A-B 
gm- 

a - A 2 c 

(8). tan^- =_j__tan-. 

Sin 



[These results follow from Ex. 8.] 



Supplemental Theorems. 

34. Having given the angles of a spherical triangle^ to 
determine the cosines of the sides (of. Art. 26). 
In the formula 

008 a = 008 h oosc + sin J sin c oos -4, 

change the sides into the supplements of the oorresponding 
angles, and the angle into the supplement of the corre- 
sponding side (Note, Art. 22), and we get 

- cos -4 = cos jB cos (7 - sin J? sin C cos a. 
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Therefore, 



Similarly, 



and 





COS ^ + COS 5 COS C 


COS u 


sin £ sin C 


COS 6 


cos 5 + cos C cos A 


sin C sin A 


e\r\a /> 


cos C + cos -4 cos B 



\ 



sin ^ sin B 



(8) 



All the results obtained in Art. 26, as particular cases 
of formula (1) of this Chapter, may also be deduced as 
particular cases of formula (8), by supposing the triangle 
to be equilateral or right-angled, as the case may re- 
quire. 

35. Analoi^ouB Formula in Piano. — If we suppose the radius of 

the sphere to be indefinitely great, we have (Chap, n., Art. 18) cob0 = 1. 

Therefore, 

cos A + cos ^ cos C7 = sin ^ sin Cy 

from which it follows at once that 

^ + ^ + C = IT. 



Examples. 
1 . In any triangle show that 

cos A + cos B sin (a + b) 



1 — cos C 



sin e 



If the internal bisector of the angle C make an angle with the opposite 
side, we haye 



and also 



C C 

cos d + cos -4 cos - = sin ^ sin - cos 6 ; by Art. ^6 (1). 

C C 

— cos + cos B cos - = sin ^ sin - cos a. 

2 2 



Adding these equations, we eliminate By and deduce the above expression. 
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2. In any triangle show that 

^ooaA-\-co8£ . , ... 

2 — ; - sin (a - *) sm c s 0. 

1 — cos C ' 

[This result may he ohtained at once from Ex. 1]. 

3. Proye the relation 

cos ^ - cos J? an(a^b) 
1 + cos C sin tf * 

[This follows, as in Ex. 1, hy drawing the external, instead of the internal, 
bisector of C]. 

4. ProTe the relation 

_ cos -4 - cos J? . , ,, . 

2 — ; ;3- sm(a + b) ememO. 

1 + cos C ' 

5. If a great circle passes through the vertex C, making angles a and fi 

with the sides a and b, the angle 0, which it makes with the side r, is given 

by the equation 

cos ^ sin a - cos ^ sin 3 = + cos sin C. 
For 

cos^ + COB0 cos i9 » sin sin 3 cos 8 (Art. 26 (1)). 

where 8 is the intercept between the vertex and the base ; also 

cos ^ — cos cos a = sin sin a cos 8, 

eliminate 8 between these equations ; therefore, &c. 

6. If through any point P on a sphere three great circles be drawn, 
cutting the sides of a triangle at angles X, Y, Z; Xi, Fi, Zi ; Z2, F2, iTj, 
respectively ; prove the following determinant* relation : — 



cos X cos T cos Z 
cos Xi cos Yi cos Zi 
cos X2 cos Yz cos Z2 



Let the three concurrent arcs make angles a, fi, and a + 3 with each other. 

* For a knowledge of Determinants, vide Bumside and Panton's Theory 
of EquatimiSy Chap. xi. 



Examph'8. 

< 

Since the side a is cut at angles X, Xu and X% ; by Ex. 5, 



47 



Similarly, 
and 



cos X sina — cos X2 sin 3 = cos X\ sin(a + i9). 
cos Fsin o ^ cos T% sin/S = cos Y\ sin(a + i8), 
cos Z sin a - cos Zj sin fi = cos Zi sin (o + i3) . 




Fig. 17. 

Eliminating a and iS from the three equations, the above result easily 
follows. 

7. Having given that the sides of a triangle are each ~, find the sides of 
the supplemental triangle. 

Since the angles of the latter triangle are each ---, cos a = - - . 

8. Find a relation connecting the angles of a triangle if one side a is a 
quadrant. Ana. cos A + cos B cos C = 0. 

9. Qiven Ay B^ C^ find the angle B which the bisector of the vertical 
angle makes with the base. 

If t be the length of the internal bisector, we have 

C C 

cos ^ + cos cos - cos ^ — cos d cos - 

£1 2i 



COS » = 



sin sin - 

2i 



sm sin - 



* f 



therefore, 



COS0 3 



cos A '^coaB 

C 

2C08- 
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10. If tf denote the angle made by the external buector of the yertical 
angle with the base, show that 

C08-4 + C08^ ,^^ ^ 

cos e' = 7i — . (Cf. Ex. 9.) 

2 Sin — 
2 

11. From any three points A^ B, and Cy on a great circle, secondaries AA\ 

Bffy and CC are drawn to another great circle ; prove that the algebraic 

sum 

sin J^C cos ^ + sin C'A' cos^ + sin A'B^ cos C 

is equal to zero. (Apply Ex. 6.) 

12. The extremities of the diameter ABoia. small circle are joined with a 
point C on the circle ; prove that the angles subtended at the pole by the 

... ^ ^ - -w^^ ^ Sin (A '^ B) i * 1 -n » » 

joining arcs ^C and BC a.re cos"' — V-r^ — -» (Apply Ex. 6.) 

13. Given the base e and = - cos C, find the locus of the vertex 

cos^ 

IT 

[a = - by (Ex. 8). Hence the locus is a great circle, having the vertex B 
for pole]. 

36. Expression for the side of a Spherical Triangle in 
terms of the Trigonometrical Functions of the Angles (cf. 
Art. 33). 

We have 

o • 2^ 1 1 008^ +0085 cos C' ... ^.. 

2 sin* 7r = l-coBa = 1 ; — p . ^ — (Art. 34). 

2 sin-asinC ^ ^ 

cos -4 + COB (5 + C) 2coBi8.eo8(S-^) 

sin -B sin C? siiuB sin (7 ' 

where 

28 =A +JB + C. 

Therefore, 






. b . c 

with similar values for sin ^ and sin . 
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Again^ 

^ , a - - COS -4 + COB -B cos (7 

2 cos' pi = l+OOSa = l + ; — ^s—. — -7Z 

2 smjB Sin C 

^ co8^ + oos(JB-C) ^ 2oos(/Sf-J) co8(/S-(7) 
"" sin £ sin (7 sin j8 sin (7 
therefore, 

a^ j (ios[S - B) oosjS - C) ..^. 

2 V sin^sinO ' ^ ^ 

with similar values for cos ^ and cos ^. 



cos 



Also 



. a 
sin ;; 

tan^ = 

cos 2 



2^ I - cos iS cos (iS - A) ...y^ 

a 4oos{8'£)oos{8'Cy ^ ^ 



be 
with similar values for tan ^ and tan ^. 

Moreover, 

sina = 2 sm ^ cos - 

2 ^ 

''ttnJtemC? '^ -oo8Soo8(S-^) oos(i8-£joo8(S-CJ. 

(12) 
We shall use the symbol N to denote the radical in this 
expression, so that we have 

sinfsinCsina = sinC7sin^sin6 = sin^sinfsine = 2N. 
Remark. — The positive sign has been given to the radi- 
cals in the formulae for sin ^., cos ^, and tan -, since - is 

At A 4t <i 

necessarily less than ^. See also Chap, it., Art. 23. 



li^^-^^ I ■ ' — — ^— p 



60 Fundamental Relations between the Parts. 

E)camples. 

1. 4N^ = I - cos' -4 - cos' 5 - cos- C - 2 cos ^ cos J5 cos C 

2. lipt 9, ^ 1>6 the perpendiculars from tlieTertices on the opposite sides, 
show that — 

(a), sin a anp = sin 6 sin ^ = sin « sin r = 2n. 

{$). tiiiA aJip = gmB einq = aja.Ceiar = 2N; 

and hence 



3. ProTethat 



4. ProTO that 



sin a n 

2IP 



« = -r 



iV=- 



sin A sin B sin C 
2n' 



sin a sin 4 sin c* 

6. Prove that 

2iV = (sin a sin 4 sin c sin^^ sin' B sin' C)i. 

6. Prove that 

b , e -coaS 
tan - tan - = 



2 2 cos (5-^)' 

Geometrically thus (see Chap, ii, fig. 10), 

- cos 5 tan AL tan JZ ,.^, >«.. *^ ^ 

= cot ^i> tan ^ r=: tan r tan '. 



cos(iS-^) tan^i) ' tan^T 

7. Prove that 

sin' A + sin' B + sin' C _ 1 + cos ^ cos ^ cos C 
sin' a + sin' b + sin' c " 1 - cos a cos ft cos e 

{Dublin Univ. Exam, Papers.) 
We have 

J^' sin''^ ^ sin' ^ + sin' J + sin' C iV' - sin' A - sin' B - sin' C 
ft' "" sin'a "" sin' a + sin' b + sin' « "" n' - sin' a - sin' ft - sin- c * 

therefore, &c. (see Ex. 1 and 2). 



"*«^^ 
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8. Given the vertical angle (7 of a triangle, and the function N, find the 
envelope* of the base. 

By formula (12) 

2jy = sin 5 sin C sin a = sin C7 sin r, 

where r is the perpendicular from the vertex on the base. The envelope 
is, therefore, a small circle round C as pole. 

9. If ^ = AT, then B and C are respectively equal or supplemental to b 
and <j, and N = n, 

10. Show that 

ANn = sin a sin * sin e sin A sin B sin C. 



11. Verify the following formulae by the expansions of tan 

2 



cos 



a t b 
Lsions ot tan 



o * '^ +* 2 c 

a . tan — - — = . . tan -. 

2 A^ jb 2 

cos 



. A-B 

. 8111 -— 

^'^ . '^ - * 2 e 

0, tan -^=-^— tan 5. 

sm - — 



12. Write out and otherwise establish the corresponding formulae (to a' 
and fi^y Ex. II) for the supplemental triangle. 

13. If / be the length of the arc joining the middle point of the base to 
the vertex, find an expression for its length in terms of the sides. 

Let the arc / make an angle $ with the base c. Then, Art. 26, 

cos a — cos I cos ■- cos o — cos / cos - 

2 2 

costf = -^— 



therefoj-e, 



sm I sm - &in / sin - 

2 2 



cos a + cos h 
cos / = . 

2COS2 



♦ The envelope is the figure which it always touches. 

e2 



nmrmm^^-- ■ i — i^^^^^i^pi 



52 Fundamental Relation between the Parts. 

14. Wliat IB ibe oorxesponding theQiem in piano to Ex. 13 ? 

Let Of /3, y, and X Im tlie lengths of tiie ares a, b, e, and / reapectiTely. 
Expanding hj Chap, n., Art. 18, and n^lecting the powers of the radius 
higher than ike second, we hare 

Hence, hy redaction, 

i^+/5» = 2 ^-^ +2X* 

a result well known in Geometry. 

15. Having given the base and the sum of the cosines of the sides, find 
the locus of the vertex. (Cf. Ex. 13.) 



Section III. 

Three Important Theorems. 

37. Theorem I. — In any spherical triangle 

cot a sin 6 = cot ^ sin C + coQb cos C. 




Fig. 18. 

Let ABC (fig. 18} be a spherical triangle. Produce AC 

IT 

through C to 0, so that -40 = ^. Join BO. 
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Applying Art. 26 (1), to the triangles BOG and BOA, 
we have 

oobBO - cos a sin 6 - sin a oos ( oos (7 . . • 

from triangle BOO; and 

cos BO = sin c oobA ... 

from triangle BOA, since cos -40 = 0. 

Hence, equating these expressions for cos BO, 

cos aeinb = sin a cos 6 cos (7 + sin c cos ^. 

Dividing each side of this equation by sin a, and substituting 

sin (7 , sin c . , 
-. — 7 for -; — , and we have 
sin A sm a 

cot a sin 6 = cot -4 sin (7 + cos 6 cos C . . . (1) 
Similarly, by producing the side BC through (7 to a point 
^ from B, we have 

cot 6 sin a = cot -B sin C + cos a cos (7 . . . (2) 

Simnarly, by producing the sides of the triangle through 
the angles A and B, it follows that 

cot 6 sin c = cot 5 sin -4 + cos c cos A. (3) 

cot c sin 6 = cot C sin -4 + cos ( cos ^. (4) 

cot c sin a = cot (7 sin £ + cos a cos B. (5) 

cot a sin c = cot A sin -B + cos c cos B. (6) 

The same results will be obtained directly fromjthe 
equations 



cos a - cos b cos c + sin ( sin c cos A 



"-/ v^i .7 \,-^\ 



COS c - oosa COS i + sin a sin ( COS C7 . 



•• » 



by eliminating the sides a or c. 
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The above formulae, as they enable us, when given two 
sides and an angle or two angles and a side of a triangle, 
to determine the remaining parts, are of great importance, 
and are thus expressed in general terms : — 

Cotangent of any sidd x sine of another side - cotangent of 
the angle opposite to the first side x sine of included angle 
+ cosine of second side x cosine of included angle, 

38. Applying equation (1) of preceding Article to the 
polar triangle, we have 

- cot 4 sin5 - - cota sine + cos5 oose; 

or, by transposing, 

cot a sin €^ = cot^ sin J3 + oos^; oos£, 

an equation identical with (6), Art. 37. 

Moreover, it will be seen that each of the formulse just 
proved contains four parts of a spherical triangle, which 
are connected thus: — 

(a) Two sides and included angle with one of the base 
angles; or, 

(j3) Two angles and an adjacent side with one of the 
remaining sides. 

39. Correspondini^ Theoren in Piano. — Using equation (1), 

and putting 



we haye 



- = cot a, — = sin 6, and cos d = 1, 
a r 

— = cot -4 Bin C + COfl C r- 



a sin^ 

Hence 

a sin wi 



iS sin jS* 

{Science and Art Math, Honort l£xam.) 



ExampkB. 
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Examples. 

1. Haying giyen two sides of a spherical triangle, find the length of the 
hisector of the vertical angle intercepted between the vertex and the betse. 




Fig. 19. 

Let I denote the inter^ bisector of the angle C, and 9 (fig. 19) the angle 
it makes with the base. 



* 



Then 



and 



by addition, 



or 



. c C 

cot a sin i = cot d sin - + cos I cos -, 



. C C 

cot * sin I = - cot 6 sm - + cos I cos - ; 



(cot a + cot ft) sin I = 2 cos t cos - ; 
cot a + cot^ 



cot 1 = 



2C08 — 



Similarly, if tj denote the external bisector of C, 

cot a ^ cot h 



cot If = 



2sm- 
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2« What are the analogous formulae in piano ? 

1 1 

1 a "^ * 2ab C 
AfUm =r— ^-r-. — T- = — — T!» OT Internal Bisector = r cos - - 

Internal bisector « C a + b 2 

2cos- 
2 

2ab C 

and External Bisector = r sin -. 

a^b 2 

3. If 11, 12, and 13, denote the bisectors of the internal angles of a triangle, 
proye that 

ABC 

cot n cos — + cot 12 cos — + cot 13 cos - = cot a + cot + cot r ; 

2 2 2 

and hence, in a plane triangle {vide Hudson's Plane Trig., p. 154), 

A JB C 

cos— cos— COS— , , , 

2 2 2 111. 

u 13 13 a b e 

and if rn, 973, and 173, denote the bisectors of the external angles, 

V 

cot Til Sin — + cot »^ sm — + cot 773 sm • • = 0. 
iS 2 2 

4. Using the preceding notation, prove that 

cot lyi sm — = cot 12 cos — '-^ cot 13 cos -. 

^ Jd Ju 

5. Find the angles and ^ (fig. 19) made by the bisectors of the angle O 
with the opposite side e. 

From the equations of Example 1 we haye at once 

(cotg — cot^) . 



and 



cot 9 = ^ sm 1, 

2 8m- 



, . (cot a + cot A) . 
cotr= ^ 8iri)j. 

2cos- 
2 



^^^^^F^M 
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6. Find the arc intercepted on the base by the bisectors of the vertical 

angle 

cos Zr = cot d cot e' (fig. 19). 

(cot'a - cot^*) . . /-p ex 

= ^ — :r-^^ - sm I sin n ; (Ex. 6) 
2 8in C 

but sin < sin »; = sin ZFsin r (Art. 31, Ex. 2), where r is the perpendicular 
from the vertex C on the base AJB. 

Therefore 

. -».^ (cot^a - cot^i) sin « sin i /* . «, t. -, j «\ 
cotZr=^ ^.- (Art. 31, Exs. 1 and 2). 

_ sin (« 4- b) sin («—*), 
2sina sin3 sin^ ' 

or, in terms of the angles, 

, ^_ sin*-4 — sin'^ 
cot XY= --r 



2sin^ sin ^ suk; 



7 Show that the sum of the cotangents of the intercepts made by the 
internal and external bisectors of the angles of a spherical triangle on the 
opposite sides is equal to zero. (Eduoational Times.) 

By the preceding example 

^„ _ sin*a — sin^d 

2 cot XY^l, --. . ^ . - = 0. 

2 sm a sm sin c 

8. Give the analogous property in piano. 

(See Casey's Sequel to EiMlid, sec. viii., Ex. 17.) 

9. If 11, (3, and 13, the internal bisectors of the angles of a triangle, make 
angles respectively Oi, Os, and Os* with the opposite sides, prove that 

, A . B . 

am- sm- sm - 

+ -f— T — - + -_- — -sO; 



sin 11 tan Oi sin 13 tan O2 sin 13 tan O3 

(See Ex. 5) 

and that if Oi', O3', and O3', are the angles made by the external bisectors^ 

with the opposite sides, 

ABC 
cos — cos - cos - 

—-—-5- -f I , A + I ^ ^, = cot a ^ cot h + cot c. 
sm r\\ tan 1 sm 973 tan 3 sin 173 tan 3 

(See Ex. 5.) 



58 Fundamental Relatiom between the Parts, 

10. From the vertex CoS. k spherical triangle an arc of a great circle is 
drawn to meet the base AB in 2> ; if (7i and C2 are the segments of the angle 
Cj respectiyely, opposite AD and BD, show that 

cot C72> sin C = cot a sin C7i + cot & sin Ca*. 

(Sdenee and Art Math, Hotwrt.) 

Let CD make an angle with the base, and we have 

cot a sin CZ) = cot sin C2 + cos CD coaCt . . . ; (1) 

also 

cot & sin (72> = — cot 9 sin (7i + cos C!Z> cos Ci . , . (2)^ 

Eliminate B from equations (1) and (2) ; therefore, &c. 

11. If be the angle between the base of a spherical triangle and its 
bisector, 

e 
cot ^ — cot ^ = 2 COB - cot 0. 

12. Prove that 

COS* b - cos* e cos* c - cos* a 



cos d cot ^ — cos e cot C cos e cot C — cos a cot A 

cos' a — cos* b 



cos a cot A — cos b cotB* 



and express each of the three quantities as a symmetric function of the sides 
of the triangle. 

Multipl3ring equation (1) by cos a and (2) by cos b, and subtracting the re- 
sults; each of the expressions becomes sin & sin sin ^, &c. 

= 2«. 
13. Write out the corresponding theorem for the supplemental triangle. 

40. Theorem II. — Relation connecting the angular 
distances of three points^ Ay B^ and Cj on the same great 
circle^ with any other pointy P, on the sphere. 

&mBC oobAP -\-BmOA oos^P + sin AB cos CP = 0. 



* This relation connects the latitudes and difference of longitudes of three 
places in the same great circle on the surface of the Earth. 
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We have (fig. 20), 

COS ^P = cos AB cos BP + sin AB sin BP cos ABP ( 1 ) 

and 

COS CP = COS BC cos BP - sin JBC sin JBP cos ABP. (2) 

Multiply— (1) by sin P(7, and (2) by sin AB^ and add 
the results. Then 

sin BC cos AP + sin ABoob CP = sin -4C cos BP ; 

or writing sin -4(7 = - sin CA, we have the algebraic 
sum 

sin BC cos AP + sin CA cos JBP + sin AB cos CP 
equal to zero. 




Fig. 20. 

41. Analoi^ons Theoren in Piano. — ^By the method similar to 
that used in Art. 39, we get 

(Townsend's Modem Oeometry^ vol. i.) 

42. When the point B (fig. 20) bisects the base AC oi 
the triangle ACP^ the formula of preceding Article readily 

reduces to 

AC 

qobAP + cos CP = 2 cos -^ qoqBP. 
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Or, 

The sum of the cosines of the sides of a triangle is equal to 
tunce the cosine of half the base into cosine of the bisector of 
the base. See also Ex. 13, Art. 86. 

Again, when the point B on the base AC \& ninety 
degrees distant from the middle point of -4(7, we have 

AC 
cos AP - cos CP = 2 sin -^ cos 5P, 

an equation which furnishes an obvious solution to the 
problem — Oiven the base and difference of cosines of the sides, 
find the locus of the vertex. 

Examples. 

1. Haying given the base ^ of a triangle, and ^ cos a t m cos^, find the 
locus of the vertex, / and m being constants. 

Ant. A circle, the pole of which divides the base internally (or externally) 
into segments, the sines of which are to one another as ^ is to m. 

Note. — Particular cases of this example, viz., when / = ± m, have been 
considered in Arts. 42 and 36. 

2. Having given the base and ratio of cosines of the sides ; find the locus 
of the vertex. 

Let the arc CP (fig. 20) be a quadrant. Then in the triangle ABP, the 
formula of Art. 40 reduces thus : 

cos^P via AC 
cos BP~ imBC* 

hence, according to the given conditions, C7 is a fixed point on the base, and 
the vertex therefore describes a great circle having C for pole. 

3. Show that the points A^ B, C (fig. 20) will lie on the same great circle 
if sin BC sin AL + sin CA sin BL + sin AB sin CL = 0, 

where AL, BL, CL^ are secondaries to any great circle X. 



Theorem. 
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What 18 the corresponding theorem in piano P 

(Vide Townsend's Modern Geometry ^ vol. i., chap. 5.) 

4. If the hase of a triangle be a quadrant, show that if any point X be 
taken on it, 

cos CX = cos a sin AX + cos b cos AX, 

5. From any three points on a great circle, secondaries x, yy z; x'fi^,i^ ; 
te"y }/\ /' be. drawn to the sides of a triangle, prove t}ie determinant relation, 



8m« sin^ sme 
sin a;' siny' sin/ 



sma; siny sme 



= 0. 



(Apply Ex. 3.) 

43. Theorem 111. — If from a fixed point P on the 
surface of a sphere an arc of a great circle be drawn^ meeting a 
small circle at A and By and if PA and PB be denoted by p 
and p\ then 

tan ^ p tan | /o^ = constant. 

Let C (fig. 21) be the pole of the small circle. Join 




Fig. 21. 

CAy CBy and CP by arcs of great circles. Let the angle 
APC be denoted by 6, the arc CP by S, and the arc CA 
by a. . 
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From the triangle APC we have 

cos a -= cos p COS S + Bin p sin S oos B* 

1 - i* ,2/ 

Let tan ip = t. Then oos p = z — ^, and sin p = 



! + <»' ' l^f 

Substituting these values for oos p and sin p in the 
above equation, and arranging in powers of tj we get 

f (oos a + cos S) - 2t sin 8 cos fl + cos a - cos 8 = 0. 

By proceeding in identically the same manner we ob- 
tain from the triangle BPC an equation in f (where 
f » tan i p^) in all respects the same as that in t^ and hence 
it follows that tan ^ p and tan ^ p' are the roots of the 
above quadratic, and therefore their product 

tan ip tan 4p'» s, = tani(8 - a) tani(8 + a), 

^ cos a + cos »v y »v / 

which value is independent of 8, and depends only on the 
fixed quantities a and 8 ; therefore, &c. 

Otherwise thus : — 

Draw CM perpendicular to AB. Then AM - BM; and 
since (Art. 27, Ex. 1^ cos 8 = oos Pif cosCif, and cos a 
« 008 AM cos CMf we have by division 

oos AM cos a 

008 PM cos 8' 
Therefore, 

" C08-4if- oosPJf cosa -cos8 

oos AM + cos PM " oos a + cos8' 

* Tliis may be regarded as the polar equation of the small circle, and its 
analogue in piano, p^ — 2pd cos -\- d- — a* = 0, can be deduced at once by 
aid of the formulae of Art. 18. 
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which reduces at once to 

tan i (> tan i p = tan J(S - a) tan i(8 -f a). 

Remark, — In fig. 21 it is to he observed that we have 
two triangles CPA and CPBy having the same three parts 
a, S) and 0. Whenever more than one triangle can be 
constructed from three given parts the triangle is said 
to be ambiguous (see Chap, v.) However, it should be 
noted that the remaining sides q and p of the triangles 
are not independent of each other, but are connected by 
the relation of this Article. 

Examples. 

1. Deduce the eorrespondinff theorem in piano. 

Ana. — Euclid I. xxxvi. 

2. If the vertical angle C7 of a triangle be equal to the sum of the base 
angles, and if the perpendicular p from the yertex on the base divides it into 
segments ci and ^, show that 

tan }^ tan }<?2 = tan^ ^p. 

Let p meet the base in D. Produce CJ) through 2> to C", so that J)C = DC. 
Then the triangles ABC and ABC are equal in aU respects, and the 
vertices of the quadrilateral ACBC are concyclic, being equidistant from 
the middle point of AB. Therefore, by Theorem III., 

tan i^i tan \e% ^ tan \CD tan \C'I) = tan' \p, 

3. Given the base AB, and that C = A-\^B, find the locus of the vertex C, 

Ant. — A circle having its pole at the middle point of the base. 

4. In Theorem III., fig. 21, show that tan^p+tani/is a maximum, 
when FAB passes through C, and determine the maximum value. (Use the 

quadratic in ^.) 

. 2sin5 

Ane.^- 



cos a -I- cos 8 
5. Show that sin Jp sin ^p' sin J (p + / ) varies as cos $, and explain when 
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Miscellaneous Examples. 

1. If s and s' are the Begmeiits of the base made by the perpendicular 
from the vertex, and o- and o-' those made by the bisector of the vertical 
angle, show that 

tan — -— tan — - — = tan* 



We have 



2 
(Bub. Univ. Exam. Papers.) 



cos a cos « sin a sin o- 

— 7= ? and -^—=\- — ,. 

cos 6 cos« Bind smcr 



Taking the difference to the sum in each equation, we get 

a-b a-\-b ^*-*\c ,,v 

tan -^ tan -^ = tan -y- tan -, (1) 

and 

a-b , a-\- b ^ v — a e .„. 

tan — -— cot —r- = tan — - — cot -. (2) 

2 2 2 2 ^ ' 

Multiplying (1) and (2) together, we have 

*-*', ff-d^ . ^ a- b 

tan — - — tan — - — = tan- . 

2 2 2 

2. Prove that 

sin b siae ■\- cos b cos e cos ^ = sin j^ sin C — cos B cos C cos a. 

[If from the extremities of the base^iZ* quadrants A A' and BB' be measured 
on the sides towards the vertex, the left-hand side of this equation is 
obviously cos-^l'^'. 

Again, if secondaries be drawn to the sides at A and B, the angle between 
them is equal to the arc A^B' (Chap, i.. Art. 6), and the cosine of this angle 
is equal to the expression on the right-hand side of the equation by 
Chap. III., Art. 34 ; therefore, &c.] 

Otherwise thus : — 

Multiplying together the equations 

cos a = cos b cos e + sin ^ sin c cos Ay 
and 

sin ^ sin C' cos a — cos B cos C =■ cos A^ 

and observing that 

sin B sin C sin* a = sin 6 sin c sin- -4, (Art. 31.) 

the above result is obtained. 



Miscellaneous Examples, 67 

3. Given a, b and e^ the sides of a triangle, find 7, the arc joining the 
middle points of a and b. 

We have 

a b . a , b ^ 

cos y = cos - cos - + sin — sin — cos C 

a b cos e — cos a cos b 
= cos — cos - + 



2 2 ^ a b 

4 cos — cos -r 

2 2 



(by Art. 26.) 



_ (1 + cos a) (1 + cos b) + cos c - cos g cos b 

" ^ a b 

4 cos — cos — 
2 2 

1 4- cosfl + cos 6 -f cos e 
"^ ^ a b ' 

4 COB — COS — 

2 2 

with similar expressions for the arcs joining the middle points of b and «, 
e and a. 
iVb<*. — In the colunar triangle 

, 1 4 cos tf - COS « - cos b 

cos 7 = . a . b • 

4 sin - sin— 
2 2 

4. If a, /9 and 7 he the arcs joining the middle points of the sides, prove 

cos g cos fi cos y 1 -f cos g + cos b -j- cos e 

a ~ b ~~ c " a, b e " 

cos - cos - cos — 4 cos — cos - cos — 

2 z z z z z 

and hence, if one of the arcs be a quadrant, the triangle whose sides are c, 
j9, and y is quadrantal. (See Ex. 3.) 

5. If the side c of a spherical triangle be a quadrant, and $ the arc drawn 
at light angles to it from the opposite vertex, show that 

cot'5 = cot«-4 + cot«^. 

{Science and Art Exam, Paperc) 

[Let X be the foot of the perpendicular $ on the base AB ; therefore 

tan 8 = tan A . sin AX = tan B . cos AX ; 
therefore, &c.] 

f2 
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6. Given the vertical angle in position and magnitude, and the ratio of 
the cosines of the base angles, find the locus of the pole of the base. 

[Let the perpendicular on the base divide the vertical angle into parts 
a and fi ; then by Art. 26, Ex. 6, 

cos^ sin a 
cos B sin /3 ' 

therefore the perpendicular is fixed in direction, and it obviously contains 
the pole of the base ; therefore, &c.] 

7. Prove that in fig. 18 

2 cot XY= cot AY-\- cot BY* 
For 

sin .^7 _ s in .^X _ sin {AY - XY) 

sin -Br~ sin XB " sin {XY- BY) * 
therefore, &c. 

8. If a, b, c, d be the sides of a spherical quadrilateral taken in order, and 
5 and 5' the diagonals ; the arc <f> joining the middle points of the diagonals 
is given by the equation 

cos a + c os b + cos e + cos d 

COS^= J g , 

4 COS - COS - 
2 2 

and give the corresponding theorem in piano. (See Art. 36, Ex. 14.) 

[The sum of the squares of the sides of a quadrilateral = the sum of ihe 
squares of its diagonals -I- four times the square of the line joining the 
middle points of the diagonals. (See M*Dowell's Geom. Exercises.)']. 

9 

9. The arc <p' joining the middle points of the opposite sides c and ^ of a 
quadrilateral is given by the equation 

, cos a + cos b A- cos 5 + cos 8' 
cos </> = J 2 ' 

4 cos - cos — 
2 2 

* An arc AB divided internally in X and externally in F, such that sin 
-4F: sin JBF: : sin AX : sinXBy is said to be cut harmonically by the 
segment ZF; and the cotangents of either triad of arcs, yiz.AYy XY, BYy or 
AXy ABf A y, measured from either extremity are therefore in arithmetical 
projrression. 
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with a Bimilar expression for the arc joining the middle points of a and b 
(See Ex. 8.) 

10. If the arcs joining the middle points of opposite sides of a quadri- 
lateral be each quadrants, the arc ^ joining the middle points of the 
diagonals Z and ^ is given by the equation 

cos 5 -f cos d* 
- cos </) = J gr. 

2 cos - cos — 

11. Prove that the angle ^ between the perpendicular from the vertex on 
the base and the bisector of the vertical angle is thus given : 

cos}(a-*) , A-B'* 

tan^ = — TT Tx • tan „ » 

^ co8i(a + *) 2 

(Dm*. JJnw. EsttfifirPRf^') 
For /r- ^\ .'• "X^ 

COB^ /"^U^^J fc> P;,... U 

therefore, taking the difference to sum, ^^=1 — ^-^ 

^ A^B^ A-B C^ 

tan — — tan — - — = cot - tan 4>. 

Now substitute the value of tan — - — in Art. 33, Ex. 9 ; therefore, &c. 



12. Given the base of a triangle and the bisectors of the vertical angle, 
f'onstruct it. 

Using the notation, fig. 18, 

cos XY B cos t cos 1} ; 
also 

cot AX + cot AY = 2 cot AB, (Ex. 7) 

two equations which determine the points X and Y, 



* Tan 4> is also equal to 

sin ^{a-b) 
sin i (a f *) 



ta,ni{A-\-B), 
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13. Giyen the base AB and the sum of the sides of a triangle, find the locus 
of a point 0, where the external bisector of the vertical angle C meets the 
secondary to ^C at the point B. (Cf. Galbraith and Haughton's Buclidy 
I. u. zn., £z. 200,) 



Fig. 22. 

Produce .4 C (fig. 22) through C to D, such that CD = BC, Therefore 
AD = given sum of the sides. 

Since CO bisects the angle BCD, it bisects BD at right angles. 

Since BD is bisected at right angles, BO = OD^ and the triangles CDO 
and CBO are equal in every respect ; hence the angle CDO is a right angle. 
Therefore 

^ ^ cos AO cos AO 

COB AD «= -^ = =-:. 

cos OD cos BO 

In the triangle ABO we have thus given the base AB and ratio of the 
cosines of the sides, io find the locus of the vertex, for a solution of which, 
see Art. 42, Ex. 2. 

14. Given the base AB and difference of sides, find the locus of the point 
Of where the secondary to J^C'at the point B meets the internal bisector of 
the vertical angle. (See Ex. 13.) 

16. Two places on the Earth's surface are distant, one 9' from the Pole, 
the other 9' from the Equator, and their difference of longitude is ^ ; find the 
angular distance between them. (Science and Art Exam* Fapert.) 

Arts cos S = sin 26 cos* J. 

2 
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16. In an isosceles triangle, if each of the base angles be double the 
vertical angle, prove that 



(-1)- 

If X denote one of the equal bisectors of the sides, we hare 



cos a cos — = cos 
2 



cos X = cos a cos — + sina sin - cos A 

2i It 



= cos a COS ~ + sin a sm— i 2 cos' •«■ - 1 1 > 



where A is the vertical angle. 
Again, 



sina 



= 2C08^y 



sm e 
eliminating cos A ; therefore, &c. * 

17. If a side ^ of a spherical triangle be a quadrant, show that 

(a). Cot « cot * + cos C = 0. 

(j3). CosiScos(*S'- C) + coa{S-A) cos(-S'-2?) = 0. 

{Seience and Art Fxatn. Papers.) 
(See Art. 26.) Also 

tan- = 1 ; 
2 

therefore, &c.. Art. 36. 

18. If X, /A and v be the segments towards the angles of the internal 

bisectors of the angles of a triangle ABC from the point of concurrence, 

show that 

cos A cos /A cosy 

sin a sin 6 sin « =0. 

cos a cos 6 cos c 



TVe have 



Q 

(I), cos X =3 COS h COS y + sin 6 sin y cos -. 

2 

(2). cos fjL = cos a cos i' + sin a sin i' cos -. 



Eliminate cos -. Therefore, 



cos A sin a — cos /u sin A = cos i' sin {a — b). 
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Similarly, 

cos fi sin 6 - cos y sin « e cos x sin (& — «), 

and 

cos y sin - cos A. sin a = cos/a sin (c — a) ; 

whence, on adding 

2 cos A. sin (6 - e), 

or its equivalent determinant form, given above, is equal to zero. 

19. 1i\j fk and v be the segments towards the angles of two external 
bisectors (of anglei^ and C), and one internal bisector of the angles of a 
triangle from the point of concurrence, show that 



- cos \ cos /A cos V 
sin a sin 6 sin 

— cos a cos h C0F5 c 



= 0. 



20. Using the notation of Example 18, prove that 



5* sin X sin(A - c) cos — = 0. 

Multiplying Ex. 18, (1) by cos a, and (2) by cos b, and subtracting, we 
get 

Q 

COS a cos X — COB & cos fi + sin (a — &) sin y cos — = 0, 

which, added to similar equations, involving b and e, and e and a, gives the 
required result. 

21. Using the notation of Ex. 19, show that 



A . 



. B . 



srnX cos— sin/ASin— smysin — 
Z ^ 2 



sina 
- cosa 



sin 3 
coab 



8m<; 
cos« 



s 0. 



* The equivalent determinant form is 



. A . B . C 

sm X cos — sm a cos --amy cos - 
2 2 2 



sm a 
cosa 



sin b 
CQsb 



sm c 
cos c 



= 0. 
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22. If 0f <f>, and tf^ denote the arcs connecting the middle points of pairs 
of opposite sides and diagonals of a quadrilateral, viz. a and b, c and dy and 
8 and 5' respectively, prove that 

a b c d 5 8',,^ ^, 

cos B cos - cos — + cos <p cos r- cos- — cos y^ cos ;r cos — = f (cos 5 + cos o ). 
^2 2 2 2 2 

(See Exs. 8 and 9.) 

32. A, By and C are three concyclic points on a sphere ; Z, Y and Z are 
three other points ; show that the relation 

cos AX cos A Y cos AZ 
cosBX COS BY cos BZ = 0. 
cos CX cos CY cos CZ 

[By aid of Art. 40 we can eliminate sin BCy sin CAy and sin AB from three 
given equations ; therefore, &c.] 

24. If the sides of a quadrilateral taken in order are ay by Cy d, show that 
the diagonals 5 and 5' intersect at an angle d, given hy the equation 



cosd = 



cos a cos c — cos b cos d 
sin 5 sin 5' 




For, representing the segments of the diagonals hy ar, 5 - ir, and x'y ^ — x 
respectively, we have 

cos a = cos x' cos (5 — a;) + sin a;' sin (5 - a;) cos B (1) 

cos tf = cos X cos (8' — x') + sina; sin (5' - x') cos ^. (2) 

cos b - cos (8 - x) cos (8' - a;') - sin (8 - x) sin (8' -- a/) cos B. (3) 

COS <^ = cos a; cos x* — sin a; sin x' ibs d. (4) 



• ^ 
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By subtracting the product of equations (3) and (4) from the product of 
(1) and (2), the abore expression for $ is obtained. 

25. By a method similar to that used in Ex. 24, show that if ^ and tf^ are 
the angles between a and «, b and d, respectiyely, 

cos <; cos a - cos J cos 8' , , 

C0B<^ = . . . , . (a) 

sm sin a ^ ' 

cos & COS (f — cos S cos S' 

COSA = ; -, . (b) 

^ sin <; sin ^ ' 

26. An are 8 drawn from the yertex of a triangle to meet the base at an 
angle B may be expressed by the equation 

. ^ cos a cos y —cos b cos x 

sin8 = r^ , 

sin cos 9 

where x and y are the segments of the base adjacent to the sides a and b 
respectiyely. 

[In the figure of Ex. 24 suppose three yerticea of the quadrilateral to be 
concycHo], 

27. In any triangle proye that 

d b c 

tan- : tan— : tan- = cos (-8' --4) : <iOB{S - B) :cos(/8'- C). 

(See p. 42, Ex. 3.) 

28. Proye the following expression* for cos S : — 

a b 
sin - sin — sin C 
o 2 2 

- eos o = . 

c 
cos- 

Also -^PPiy ^^' 36, (9) and (10). 

A B . 

cos -t; cos — Sin tf 
2 2 
Bin « = ^ . 

sin — 



* The equation for calculating the sum of the angles, haying giyen two 
sides and the included angle, or by the aid of Art. 30, the three sides of a 
spherical triangle will be afterwards proyed as CagnolVB Theorem. 
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29. Prove that 

1 + cos a — cos b — cos c 
8m(5 -A)= ^ 1 — , 

* cos -sin- sin - 

and similar expressions for sin (S — B) and sin {S - C). 

For, 

. B + G A B-\-C . A 

sin (S-A) = sin — — - cos — - cos -y- sm — ; 

therefore, &c., by the aid of note, p. 43. 

Or thus : — 

Take the colunar triangle, whose angles are ir - J?, ir - C, ^, and sides 
IT — bf v — c, a (Art. 16). Let 

2 /S' = TT - 5 + ir - C + ^ = 2 TT - ( B + C7 - ^ ) ; 
hence 

and the formula adapted to the colunar triangle becomes 

1 + cos a + cos b + cos o 



sin 5' = 



a b c 

A cos— cos — cos - 

2 2 2 



therefore, &c. (Cf. Ex. 4.) 

30. Prove that 

1 + cos J5 + cos C - cos A 
cos (8-a) = 5 -^ 2"- 

4 cos - cos - sin -- 
2 2 2 



31. Prove that 



b c 
cos- cos- 
2 2 
cos(5-^) = ^ sin^. 

cos- 
2 



32. Prove that 



. b . e ^ b c 
sin- sin - + cos cos- cos A 
. / M ^v 2 2 2 ^ 

Bm(iS-.<<) = — — 



a 

cos 
2 



(See Ex. 29.) 
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[It is evident that the numerator of the fraction is equal to the cosine 
of the arc joining the middle points of the sides v — bf ir — r, of the colunar 
triangle; therefore, &c. (Art. 26, and Ex. 4.)] 

33. In any triangle 

cos a - cos i BiD.{A — B) _ 

1 — cos e smC 

(See p. 46, Ex. 3.) 

34. Given the formula, Art. 36, for tan - ; prove that 

z 

b 

cot rt cot - + COS C. 

- tan 5 = I ^ • 

sine/ 

35. Show that 

a b e 

cot - COS (iS^- -4) = cot r cos {8 - B) = cot - cos {S- C) 

2t M it 



and hence 



36. If 



show that 



o, b c 
= - cot - cot - cot rt co8/8^; 
ii It ii 



2 cos«(-Sf-^) = cosa/S^Scot* ^cot«5 

2 2 



tan ^ tan - = tan' -, 
2 2- 2* 



cos (iS^- ^) cos (5 - J) = C08« (iS^ - C). 

37. If a spherical triangle is equal and similar to its polar triangle, 

sec a = sec & sec + tan b tan c. 

Give a particular example of such a triangle. 

(Science and Art Exam, Papers,) 

38. Prove that by a closer approximation, employing the notation used in 
Legendre's Theorem (Art. 29), 

,, fiysin^A' /37 (a* - 3/3« - 372) sinM' 

COS^ = COS-4 ——^ + T^TTl . 

6r2 180H 
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39. Deduce the following formula for a + ^ in terms of the opposite angles 
A and B, and the base c : — 

a + b e ^ A ^ B . 1 , ,^ --B . ^ 

— -— = ft + tan — tan — sin c + - tan* — tan'- sm 2c 

1 ^A ,5 . „ 
+ - tan^ — tan^ - sin 3(?, + . . . 
u 2 2 



{Bishop Law's Exam.y Trin. Colly Dub,) 
A- B 



For 



tan 



a + d 



cos 



cos 



■^ tan - , 
A -hB 2* 



(Art. 33, Ex. 9.) 
being of the form tan — -— = n tan -, can be expanded in series for — -- . 

(See Todhunter's Blane Trig., p. 238, Art. 299.) 

40. From any three points on a sphere are drawn to each of three points 
on a great circle arcs, ai, bi, ci; 02, ^3, C2 ; os, ^3, ^3; making angles with 
the great circle, respectively, Ai^ A^y -^3, etc. . . . ; prove the determinant 
relation 

sin a\ cos A 1 sin a^ cos Az sin 03 cos ^3 



sin ^1 cos Bi bin b^ cos B2 sin ^ cos Bz 
sin c\ cos C\ sin €2 cos C2 sin cz cos Cz 



= 0. 



41. If a and b are the sides, and c the base of a triangle, prove that if Q 
be the angle which /3, the bisector of the base, makes with the base, 

. .1 ^ 9,1: tan*ir-2tanH<?tan2Ji3co82«+tan*Ji3 
tan* Ja tan'^ \b ^ ^ ^ • 

1 - 2 tannic tan* J/3 cos 2d + tanH« tan* ^ 

(Dublin Univ. Exam, Papers,) 
[Find tan*§a, and tan* Ji, and multiply the results]. 
42. Find the locus of the vertex, having given the base and — 

(1) Ratio of cotangents of the base angles. 

(2) Sum or difference of cotangents. 

(3) IcoiA-^m cot B, (Cf. p. 58, Ex. 10.) 

{Edtica/i'jiutl Tim s, April, 1885.) 
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CHAPTER IV. 

RIGHT-ANGLED TRIANGLES. 

Section I. 

44. Creometrical Dedaction of Formulae con- 
necting the Parts of a Right-angled Triangle. — 

The formulae necessary for the solution of right-angled 
triangles have been deduced in Chapter iii. as particular 
cases of the general formula 

cos a = cosb cos c + sin 6 sin c cos A. 

We, however, add the following geometrical method of 
obtaining them, as it is both simple and instructive : — 
Let ABC (fig. 24) be a triangle right-angled at C, and 
let be the centre of the sphere on which it is described. 
Since C is a right angle, the planes OCA and OCB are 
perpendicular to each other (Art. 6). Take P any point 
on the radius OA, and draw PE perpendicular to 0(7, and 
jBQ perpendicular to OB. Join PQ. Since the planes 
COA and COB are at right angles, the angle PBQ is 
right, and, as in Art. 32, the angle OQP is also right. 
Hence we have 

OQ ^OQ OB 
OP' OB' OP' 

that is, cos c = cos a cos h. (1) 
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that is, 
Similarly, 



that is, 
Similarly, 



that is, 
Similarly, 



QO QP' QO' 

tan a = cos B tan c. 

tan b = Qo%A tcm c. 



o < 



PR^PR PQ^^ 
Pd~ PQ'PO' 

sin ^ = sin 5 sin c. ) 

sin a = sin A sin c. 

RP ^ RP RQ, 
RO^ RQ' RO' 

tan b = tan B sin «. 
tan a = tan .^4 sin b. 



(2) 




(3) 



(^) 



From R draw JBP' perpendicular to OA, and draw P'Q' 
also perpendicular to OA, in the plane AOB, and meeting 
Oi? in Q\ Then (Art. 6) the angle Q'FR is equal to the 
angle A. Join Q'R. 

Now PQ'* = P'Q'' + PP"' = PiJ' + R(t' ; (Alt. 32.) 
therefore 

i>'Q'^ =-- PA*^ + PQ'-' - PP"', But PP^ - PF' = PP^ 
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Hence P'Q^ = RP''' + i2Q'' ; and therefore FR Q is right, 
and we have 

, . , „ RF RQ RF RQ 
cot^cot5 = ^. — = _._,. 

But — = siniiPP' = QosBOP = cos b, 

RQ 
and -^^ = sin jRQ'Q = cos ROQ' = cos a ; 

therefore cot -4 cot jB = cos a cos h = cos c, (5) 

cos-g ^ OR RF QR RPQR OR RP OP 
Qo&b ^ QP ' RP ^ RP"QP~ OR'RF'OP'QP 

sin a sin J sin a 
sin 6 sm c sm c 

therefore cosjB = sin^ cos J. ) 

(6) 
Smiilarly, cos -4 = sin 5 cos a, ) 

. 45. IVapier's Rales of Circular Parte. — The for- 
mulae of the foregoing Article enable us, being given any 
two parts other than the right angle, to determine all the 
remaining parts of the triangle. They are learned by 
most students separately and in general terms. Napier, 
however, has given two rules, called after him, which em- 
brace them all, and which are found by some to be useful 
aids to the memory ; their utility, however, is much ques- 
tioned by others. We give them here without any inves- 
tigation, considering it sufficient to merely state them. 
The student may test them by deducing all the preceding 
formulsB from them, and, if anxious for further informa- 
tion regarding them, Napier's Mirifici Logarithmomm, 
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Canoitis DescripUo, or Todhunter'a Spherical Trigonometry, 
maj be consulted. 

Omitting the right angle, the two eidea which include 
it and the complements of the remaining parts are termed 
the Circular Parts of the triangle. Thus the five circular 

parta are a, b, ^ - A, k ~ <^t n ~^- ^® student may 

remark that the order in which the circular parts are here 
written is that in which they naturally occur in the tri- 
angle. 

Divide a circle (fig. 25) into five sectors, and on each 
sector write one of the circular parts, taking care to write 
them round the circle in the order they are written above; 
that is, in the order in which they ooour in the triangle. 




Any of the parts being selected and called the middle 
parts, the two parts contiguous to it are called the adjacent 
parts, and the remaining two are called the opposite parts. 

Thus, for example, if ^ - e be selected for middle part, 
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then 5 - -4 and ^ -B will be the adjacent parts, and 
a and h will be the opposite parts. 

This being premised, Napier's Eules are the follow- 
ing :— 

I. Sine (middle part) = product of tangents of adjacent 
parts. 

II. Sine (middle part) = product of cosines of opposite 
parts. 

Examples. 

1. Show that formula (1), Art. 44, reduces to Euc. I. XLvii. when the 
radius of the sphere is infinitely great. 

[This appears at once on substituting the formuleB of Art. 18, and re- 
ducing.] 

2. Show that formula (5) reduces to an identity in piano. Similarly, 
also formula (6) reduces to an identity. 

3. FormulsB (2), (3), and (4) reduce to the ordinary expressions for the 
cosine, sine, and tangent of a plane angle respectively. 

4. If c he less than 90°, show that a and h are of like affection.* 

[In this case cos c is positive ; and hence cos a and cos h must have like 
signs, as appears from formula (1).] 

5. If (7 be greater than 90°, a and h are of opposite affection. 

6. The sides of a right-angled triangle must be each less than a quadrant, 
or two of them must be each greater than a quadrant. 

[This follows on combining Examples 4 and 5.] 

7. Show that a side and the hypotenuse of a right-angled triangle are of 
the same or opposite affection, according as the included angle is less than, 
or greater than, a right angle. 

[Apply formula (2), Art. 44.] 

* Two angles are said to be of the same affection when they are each less 
than, or each greater than, a right angle. 
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8. The sides of a right-angled triangle are of the same affection as the 

opposite angles. 

cos A 
[By formula (6), cos a = —. — - ; and therefore cos a is positive or 

negative, according as cos A is positive or negative.] 

9. If one of the sides of a right-angled triangle be equal to the opposite 
angle, the remaining parts are each equal to 90"^. 

[See p. 61, Ex. 9,] 

10. If the angle A oi & right-angled triangle be acute, show that the 
difference of the sides which contain it is less than 90°. 

[The opposite side (a) is less than 90°, but it is greater than the difference 
between the other two ; therefore c - b < 90°.] 



Section II. 
Solution of Bight-angled Triangles — Numerical Examples. 

46. isolation of Triangles. — It has been already 
stated that every spherical triangle has six parts — namely, 
the three angles and the three sides, and that when any 
three of the parts are given, the remaining three can be 
determined. 

The process by which the remaining three are deter- 
mined is called the solution of the triangle. 

In the practical solution of triangles the numerical cal- 
culations are performed by aid of a table of logarithms. 
Hence if we have at our disposal two or more formulae, 
from which any required part can be determined in terms 
of other known parts, we should use that formula which 
is most reculily adapted to logarithmic computation. If 
it should happen that a required part can only be ob- 
tained from a formula not adapted to logarithmic compu- 

g2 
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tation, it can be found by throwing the formula into 
logarithmic form by the use of a subsidiary angle. Any 
notice of this process is postponed, however, for the pre- 
sent. 

We now proceed to the solution of all the oases which 
can be presented. They are six in number, and as before 
remarked, we require to know only two parts, the right 
angle forming a constant known part. 

Remark, — In determining any of the parts, the use 
of the parts previously determined should be carefully 
avoided, lest they should be erroneous. Each part should 
be determined from the given parts alone. 

It is always well to test the accuracy of the results by 
using the parts obtained to determine one of the given 
parts. 

47. Case I. — Saving given the two sides a and 6, to 
determine -4, jB, and c, we have — 

For -4, cot -4 = cot a sin b [Formula (4), Art. 44.] 
For jB, cot jB = cot 6 sin a „ „ „ 

For 0, cos c = cos a cos 6 „ (1), „ 

In this case the solution is unique, as there is mani- 
festly no ambiguity, none of the parts being determined 
from their sines. 

Examples. 

1. Given a = 64» 16' and * = 33' 12'. 

For A, 10 + X cot ui = i cot (54** 16') + Z sin (SS* 12') ; 

therefore X cot -4 = 9-6964382, 

and A = 68° 29' 53". 
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For^, 


10 +X coti =X cot (33" 12') +X Bin (64 


therefore 


Z cot J = 10-0936879, 


and 


B = 38" 62' 26". 


For<?, 


10 + Z cos «? = Z COS a + Z cos J ; 


therefore 


Z cos tf = 9-6890261, 


and 


c = 60° 44' 46". 


2. Given 


a = 66M8'andi = 39°27'. 




Zcot^ = 9-6434280; .-.^ = 66° 15' 6". 




ZcotJ = 9-9996167; .'.5 = 46" 1' 31". 




Zcosc =9-6430438; .-. c = 63° 66' 21". 


3. Given 


a = 66" 20' and h = 78" 40'. 




Z cot ^=9-8149722; .-.^=66" 61' 7". 




Z cot-B = 9-2222192 ; .'.B = 80" 31' 48". 




Z cos c = 9-0371914 ; .-. c = 83" 44' 44i" 



48. Case II. — Having given the two angles A and B, 
to determine a, 6, and c, we have — 

For a, 008 A = cos a sin J? [Formula (6), Axt. 44.] 
For 6, cos J? = cos 6 sin -4 „ „ 

For c, cos c = oot-4 cot jB „ (6), 

In this case, as in Case I., there is no ambiguity. 



>> 



>> 



1. Given 
For a, 

therefore 
Fori, 

therefore 



Examples. 
A = 74" 16' and B = 32° 10'. 

Z cos a = 10 + Z cos (74" 15') - Z sin (32" 10') 

= 9-7074497 ; 

a = 59" 20' 44". 

Z cos ft = 10 + Z cos (32" 10') - Z sin (74° 16') 

= 9-9442480 ;• 

b = 28° 24' 54". 
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therefore 



2. Given 



For e, 10 + X cos c = X cot ^ + Z cot B, 

X cos c = 9-6616976 ; 

c = 63' 21' 24J 

^ = 62° 26' and B = 49" 15'. 



X cos a= 9-9066850 
X cos ft = 9-9156750 
X cos c = 9-8213599 



.-. fl' = 36° 24' 34-6". 
.-. ft = 34° 33' 40". 
.-. c = 48° 29' 20". 



3. Given 



A = 64*^ 16' a^id B = 48° 24'. 



X cos a = 9*7641507 
X cos ft = 9-8675406 
X cos c = 9-6316912 



.-. a = 54° 28' 63". 
.-. ft = 42° 30' 47". 
.-. c = 64° 38' 38". 



49. Case III. — Having given the hypotenuse c and a side a, 
to determine -4, J?, and 6, we have — 

For -4, sin -4 = sin a -^ sin c [Formula (3), Art. 44.] 
For By cos B = tan a ^ tan c „ (2), 
For 6, cos b = cos c ^ cos a „ (1), 

In this case there is an apparent ambiguity in the value 
of A, but this is removed by the consideration that A and 
a are always of the same affection. (See Ex. 8, Art. 45). 



jj 
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1. Given 

For^, 

therefore 
Foi-B, 

therefore 



Examples. 
c = 72° 30' and a = 46° 16'. 

X sin^ = 10 +X sin (46° 16') -X sin (72° 30') 

= 9-8719522; 

A = 48° 7' 44-6". 

X cos 5 = X tan (45° 16') -X tan (72° 30') + 10 

= 9'5025123 ; 

B = 71° 27' 15". 
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For*, 
therefore 




Z cos * = Z cos (72° 30') -X cos (45* 15') + 10 

= 9-6305601. 

* = 64° 42' 52". 


2. Given 




e = 76° 42' and a = 47° 18'. 

Xsin^= 9-8780442; .-.^ = 49° 2' 24-5". 
X cos 5 = 9-4085340; .-.B^To" 9' 24-75". 
Z cos * = 9-5304897 ;.*.*= 70° 10' 13". 


3. Given 




<?= 91° 18' and a = 72° 27'. 


Z 


sin 


A = 9-9794116 ; .',A = 72° 29' 48". 


L 


COB 


sup. of 5= 8-8558531 ; .-. B = 94° 6' 53-3". 


L 


cos 


sup. of * = 8-8764415 ;.-.*= 94° 18' 53-8". 



5> 



60. Case IV. — Having given the hypotenuse c and an 
angle Ay to determine «, 6, and 5, we have — 

For a, sin a = sin -4 sine [Formula (3), Art. 44.] 
For 6, tan 6 = cos -4 tan e „ (2), 
For ByQoiB = tan A cos c „ (5), 

The apparent ambiguity in the value of a is removed, 
as in Case III., by the consideration that a and A are [of 
the same affection. 

Examples. 

(? = 84° 20' and ^ = 35° 25'. 

Z sin rt = Z sin (35° 25') + Z sin (84° 20') - 10 
= 9-7609396 ; 



1. Given 

For n^ 



therefore 
For*, 

therefore 
ForB, 

therefore 



a = 35° 13' 4". 

Z tan * =Z cos (35° 25') f Z tan (84° 20') - 10 

= 10-9145116; 

b = 83° 3' 29". 

Z cot J? =Z tan (35° 25') ^ L cos (84° 20') - 10 

-8-8464279; 

B = 85° 59' 1". 
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2. Giren 



3. Given 



« = er 64' and -4 = 43" 28'. 



Z nn « =^ 9-8044046 ; 


.-. a=39'36'5r. 


Z tan i = 10-2622138 ; 


.-. i = 60» 46' 25J". 


Zcot^= 9-6621908; 


.-.^=70*22'24^ 


c = 22" 18' 30" and^ = 4^ 3^ Se". 


Z m'n a = 9-4480646 


; .-. a = 16" 17' 41". 


Z tan b = 9-4414674 


; .\b = 15"* 26' 63". 


Z cot i9= 100065973 


; .•.^=44** 33' 63-4' 



51. Case V. — Saving given a side a and the adjacent 
angle B, to determine Ay h, and c, we have — 

For -4 008-4- cos a sinjB [Formula (6), Art. 44.] 
For 6, tan b = tan jB sin a „ (4), 
Fore, oot c; = cot a cos£ „ (2), 



In this case there is evidently no ambiguity. 



99 
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1. Given 
For^, 

therefore 
For*, 

therefore 
For<j, 

therefore 



Examples. 

a = ZV 20' 46" and J = 66" SO' 80". 

Z cos ^ = Z cos (3r 20' 46") + Z sin (66» 30' 30") - 10 
= 9-8476168 ; 

A = 46» 16' 30-6". 

Z tan * =Z tan (66» 30' 30") + Z sin (31° 20' 46") - 10 
= 9-8791734; 

b = 37* 7' 60". 

Z cot fl = Z cot {ZV 20' 46") + Z cos (56* 30' 30") - 10 

» 9-9683434; 

c = 47*5'ir. 
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2. Giyen a = 82° 6' and B = 43° 28'. 

L cos^= 8-9766733 ; ,\ A= 84° 34' 28". 
Z tan * = 9-9726026 ; .-. * = 43° 11' 38". 
i cot <j = 9-0030707 ; .-. tf = 84° 14' 57". 

3. Given a = 42° 30' 30" and B = 63° 10' 30". 

Z; cos ^=9-7709180; .-.^=63° 60' 12". 
X tan * = 9-9554001 ; .-. * = 42° 3' 47". 
X cot <J = 9-8156179 ;.-.<?= 66° 49' 8". 

52. Case VI. — Having given a side a and the opposite 
angle Ay to determine 6, c, and jB, we have — 

For 6, sin b = tan a cot A [Formula (4), Art. 44.] 
For c, sin c = sin a -;- sin-4 „ (3), 

For 5, sin J? = oos-4 -^ cos a „ (6), 






In this case an ambiguity arises as the parts are deter- 
mined from their sines, and two values for each are in 
general admissible. However, for each value of b there 
will, in general, be only one value for c, since c and b are 
connected by the relation cos c = cos a cos b ; and at the 
same time only one admissible value for J?, since cos c 
= ootA cot B. Hence there will in general be only ttvo 
triangles having the given parts, except when the side a 
is a quadrant and the angle A also 90^, in which case the 
solution becomes indeterminate. 

When a =Ay the formulae, and also the figure, show 
that b, c, and B are right angles, and the solution is there- 
fore unique. 
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It is easily seen that a is less than A when both are 
acute (they must be of the same affection), and greater 
than A when both are obtuse ; and when the data do not 
satisfy these conditions the solution is impossible. 

It appears at once from the figure that there are in 
general two solutions, for the colunar triangle A'B C has 
also the given parts A^ and a, and therefore satisfies the 
given conditions. 

Examples. 



1. Given 


Fori, 


therefore 


For<?, 



therefore 



For^, 



therefore 



P lO* 



a = 46° 45' and ^ = 69" 12 

i sin A = i: tan (46° 46') + Z cot (59° 12') 

= 9-8018796 ; 
A = 39° 19' £3i", or 140° 40' 36J". 

L sin e=Z sin « —i sin -4 + 10 
= 9*9283797 ; 
e = 57° 69' 29", or 122° 0' 31". 

i sin J = i cos -4 — Z cos a + 10 
= 9-8734997 ; 
B = 48° 21' 28", or 131° 38' 32 



-10 



/f 



2. Given a = 21° 39' and A = 42° 10' 10". 

lanb = 9-6417030 = 26° 69' 27*8", or 164° 0' 32-2' . 
Z sin (? = 9-7400177 = 33° 20' 13-4", or 146° 39' 46-6". 
Z sin J = 9-9016863 = 62° 23' 2-8", or 127° 36' 67-2' , 

3. Giyen a = 26° 18' 46" and A = 16° 68' 16". 

[Ans. Impossible by Art. 62.] 



Theorems. 
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Section III. 

Theorems, 

53. In this section we propose to investigate some 
theorems which apply to spherical triangles in general, 
but which are immediately deducible from a knowledge 
of the properties of right-angled triangles. 

64. The arcs dravm from the vertices of a spherical tri- 
angle perpendicular to the opposite sides are concurrent. 
JjBtAPjBQ (fig. 26), be arcs drawn from -4, 5, per- 




pendicular io BC and CAy respectively, and let be their 
point of intersection. 



Now 



sin OQ __ sin OAQ _ sec B 
sin OR sin OAR sec C 



(formula (6), Art. 44) ; and it is obvious that the sines of 
the perpendiculars from any other point of AP on the 
sides b and c bear the same ratio to each other. 
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sin OP * %ecA 



Similarly, 



mnOR BecC 



and henoe, on diyiding this equation by the former, we 
get 

on OP BOO A 

rinOQ'aec^ 

and therefore the are joining O to is perpendicnlar to 
the dde AB, Thus the perpendiculars meet in a point ; 
and if a, /S, 7 be the lengths intercepted on them between 
their point of concurrence and the sides a, by and c, respec- 
tively, we have 

sin a : sin /3 : sin 7 = sec ^ : sec £ : sec C'. 

In the same manner, it may be shown that the arcs join- 
ing the vertices to the middle points of the opposite sides 
are concurrent ; and if a, j3', 7' be the perpendiculars from 
their point of concurrence on the sides a, b, c, we have 

sin a : sin /3' : sin 7' = cosec^ : cosec J? : cosec C. 

Similarly for point of intersection of perpendicular at 
middle points of sidet 



sin a" : sin jB'^ : sin 7"- cos (S- ^) : cos {S^JB) : cos (/S- C). 

55. If from three points A^ J?, on a great circle perpen- 
diculars AA'y Bffy CC be dravm to another great circle — 

(1) sin J?(7 sin^^'+ sin CA sin J?5'+ sin ^5 sin CC'= 0, 

(2) 8inB'(7'tan^4'+sin(r^'tanJ?B'4-sin^'^tan(7C^=: 0, 

(3) sin J?0 cot^ + sin 0^ cot jB + sin ^5 cot (7=0, 

(4) sin jyC C08-4 + sin CA' cos J? + sin-^'-Coos C7 = 0, 
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where -4, jB, C are the angles the perpendiculars AA\ 
BB\ C(y make with the great circle ABC. 

To prove (1) — 

sin -4-4' sin^jB' sinCC . T^ /« o^x 

-^ — TtT = » D7^ = ■ nT\ = sinD (fig. 27). (a) 

sin.<^2> smBD em CD ^ ° ^ ^ ^ 

But since Ay By C are concyclio (p. 11, Ex. 15), 

sinjB(7sin-42> + sin CA sin jBD + sin -4 J? sin CD = 0. 




Fig. 27. 

Substituting in this expression the values of sin ADj sin 
BD, and sin CDy obtained from the equations (o), we 
obtain (1). 

To prove (2)— 

tanAA' _ tanJJ" _^ tan CC __ , y. 
sin^'D " sin^D ~ sin O'D " *^''^- ^^^ 

But, as before, 

«in B'C sin A'D 4 sin CA' sin B'D + sin -4'i/' sin CD = 0. 
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Substituting in this expression the values of sin A'Dy sin 
jB'D, and sin CDy obtained from the equations (j3), we 
obtain (2). 



To prove (3)— 

vo9>AB ^ cosjBZ) cos CD 

cot A cot B cot C 
But 



= cot D. 



sin BC cos A 1) + sin CA cos BD + sin AB cos CZ> = ; 
therefore, &c. [See p. 77, Ex. 42.] 

To prove (4) — 

cos A cos B cos C , _. 



cobA'D coa B'D cob CD 

[Formula (6), Art. 44.] 
But 

sin ffC cos A'D + sin CA' cos B'D + sin A'ff cos CD = ; 

therefore, &c. 

By observing that AA\ BB", and CC meet at P, the 
pole of AB'Cfy we are enabled to write down the fol- 
lowing corollaries : — 

Cor, 1. — If jB be a point on the base -4(7 of a triangle 
APC^ we have 

sin BC cos AB 4 sin CA cos BB + sin AB cos OP = 0. 

[Of. Art. 40.] 
Cor. 2.— 

cot AB sin £P(7+ cot BB sin C7P^ + cot CB sin ^P5 = 0. 

[Cf. p. 58, Ex. 10.] 
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Cor. 3.— 

cos A sin BPC + cos B sin CPA + cos C sin APB = 0. 

[Of. p. 46, Ex. 5.] 

Note. — It may be noticed that (1) and (4) are supplemental theorems, as 
are also (2) and (3). "When an arc is drawn from the vertical angle of a 
triangle to meet the base, (1) connects it with the segments of the base ; 
(2) connects it with the segments of the vertical angle ; (3) connects the 
angle it makes with the base with the segments of the base ; and (4) connects 
the angle it makes with the base with the segments of the vertical angle, 
the parts of the triangle being supposed known. 

56. Creometrical Deduction of the Analogies of 
IVapier and Delambre. — Comtructian. On the base 
AB of the triangle ABC (fig. 28) construct an isosceles 
triangle ^OjB, having each base angle ^ ^ {A -^ B), From 
its vertex draw OX, OY, OZ perpendiculars to the 
sides cr, 6, and c of the given triangle. Join OC, Draw 
AP and BP perpendicular arcs to AO and BO, The arc 
OZ, on being produced, evidently passes through P. 

Now the triangles BOX and AOY are equal in all 
respects ; for the side BO and angle X are equal to the 
side A and the angle F, respectively ; and the angle 
OBX=^B-i{A + B) = i{B-A) = angle OAY. There- 
fore the triangles are equal in all respects, and as a conse- 
quence the triangles COX and COY are equal in all 
respects. 

Hence, AY= 5Z = ^ (a + 6), 

and CX^CY=i{a-b). 

But since the angles AOT and BOX are equal, it follows 
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that the angles -4 05 and XOFare equal, and hence their 
halves A OZ and CO Y are equal. 



.-'VX 




Again, if from P perpendiculars PX\ PF\ and PZhe 
let faU on the sides, it will follow, as before, 

that Ar = SX' = iia'b), 

and (7X = or = i (a + 6) ; 

also P is on the internal bisector of the angle 0, and the 
angle -4PF' is equal to the angle BPX\ 

Firstly — Napier^s Analogies : 

cos AP _ cos^r 

cos cp ~ cos cr 

[From the triangles P-4 F and POF', Art. 44 (1).] 

^ cot PAZ 

" cot PCY 
[From the triangles PAZemd PCY\ Art. 44 (5)]. 



1. 
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Hence, 

A I f A T>\ COS 4- (a - J) ,C 
tan -^ (^ + J?) = — f ^^ -( cot ^. 

cos ^ (a + 6) 2 

2. tan Or= tan OAYmiAY^ tan OOFsin OF. 

[Art. 44 (4).] 

Hence, 

. , , . _. sin* (a- J) , (7 
tan ^ (-4 - J?) = -r— f-7 — J-: cot ^. 



3. tan^O = 



sin i (fl + J) 2 
ts,n AZ tan-4F 



cosO^Z GOB OAT 

''[Art. 44 (2).] 
Hence, 

tan J (a + J) = — I) J tan ^. 

cosi(-4 + jB) 2 

4. tan^P=-*^?^^Il = J??^ 

cos P-4F' C0SP-4Z* 

Hence, 

4.« 1 / i.\ sin J (-4 -J?) ^ c 
tan i (a - J) = . I). — ^ tan -,. 

sini(-4 + -B) 2 



Secondly — Delambre's* Analogies : 

1. cos ^PZ- cos ^Zsin PAZ= cos (7F' sin P(7F'. 

[Art. 44 (6).] 



Hence, 



cos i (^ + P) cos I - cos i (a + J) sin ^. 



♦ Delambre'a Analogies are commonly called Gauss's Formul®. (Sec foot 
note, p. 13.) 



H 
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3. Prove that 

ain'a sin2 ft = sin« a + sin** - 8in«<j. [Art. 44 (1).] 

4. Prove that 

ten. i = $^|. 

[This is obviously another form of (2), Art. 44.] 

5. What is the Great Circle course and distance between two pi ices in 
latitude 45" North, with 90° difference of longitude ? 

Ana, Course makes 60' with meridian. Distance = cos'M — ^ ) . 

\V3/ 

6. If jp be the perpendicular from the right angle on the hypotenuse, 
prove that — 

(fl) cos'p = COS* A + cos* B. [Art. 44 (6.)] 

{b) cot* J? = cot* a + cot* b. [Art. 44 (4).] 

{e) sin*/) sin* e = sin* a + sin ft* — sin* e. [See Ex. 3.] 

7. Express the angle A in terms of — (1) b and e\ (2) e and a ; (3) a and b, 

8. Show that 

2 sin* J<? = sin* J (a + ft) + sin* J (a - ft). 

[BeducestoO), Art. 44.] 

9. In a spherical triangle, if = 90'', prove that 

tan a tan ft + sec (7 = 0. 

[Supplemental to (6), Art. 44.] 

10. If the side of a spherical triangle be a quadrant, show that 

sin*/) s cot 9 cot ^, 

where p is the perpendicular on 0, and 9 and ^ are the segments of the 
vertical angle. 

11. Show that the ratio of the cosines of the segments of the base made 

by the perpendicular from the vertex is equal to the ratio of the cosines of 

the sides. 

[Apply (1), Art. 44.] 

12. Given the base and the ratio of the cosines of the sides of any spheri- 
cal triangle ; find the locus of the vertex, and state the analogue inplano^ 

[See Ex. 11.] 

h2 
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13. A station ia in latitude A. (North), and longitude I (East) ; find the 
longitudes of the places on the Equator distant 8 from the station. 

[Science and Art Exam, FaperaJ] 



Ans, Longitudes = ^ ± cos"* ( j . 



1 4. Given the base and base angles of any spherical triangle ; calculate 

the segments x and e — x oi the base made by the perpendicidar on it from 

the vertex. 

Ane, tan ^ sin a; = tan B sin (e - x), 

15. What is the shortest distance between two places on the earth's sur- 
face — one in latitude 45" North and longitude 45° West, the other in latitude 

45° South and latitude 45° East P 

Ans, 120'. 

16. Given in a right-angled triangle the vertex fixed, and 

cot* a + cot * 4 = const. ; 

find the envelope of the base. 

[See Ex. 6 (&).] 

17. Show that the ratio of the cosines of the base angles is equal to the 
ratio of the sines of the segments of the vertical angle made by the perpen- 
dicular drawn from it to the opposite side. 

18. Given the veilical angle and ratio of cosines of the base angles ; find 
the envelope of the base. 

Ane, A fixed point 90° from the vertex ; its position 
being obtained from Ex. 17. 

19. If -4 = 36° and .B = 60°, show that— 

(1). » + * + <? = 90°. 

(2). The perpendicular on the hypotenuse =18°. 

(3). cot a - cot &= 1. 

20. If A. and 8 be perpendiculars from a point 8 on two great circles inter- 
secting at an angle », and if the intercepts they make on them from their 
point of intersection be I and a, show that 

sin A tan ^ + sin 8 tan a 

cos = -: — r-7 ; — : — 5-7 ; . 

sin A. tan a + sm 8 tan I 
[P&OFB88OR Haughton, Educational TimeeJ] 

[Apply the formulae of Art. 37 to the triangle SFKy where Pand JTare 
the poles of the great circles, and eliminate sin ».] 



Mheellaneous Examples. 
21. Using tlie notation of £i. 20, ehoir that— 



(1)- 



« i '" - "•) 



IS J (h -I- »') taai I 
(2)- |[ 

«' being iht imgle between S and A. 



J (« - *') _ tan ittan^X-tanjitan^a 
i (» + »')"" 1 - tan J ■ tan J ; tan J 8 tftn J \' 
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In the following EiamplsB the triangle is mipposed right-angled (at C), 
unless otherwise stated. 
I. If ^ be the bisector of the hypotenuse of a right-angled triangle, show 




Squaring we get •- ' 

cor'o + ooB'4 + 2<!OSf = 2(l-3in'e)(l + coai!); .-. ftc] 
? . It I and 1) be the internal and eitemal bisectors of C, prove that — 
W 2eot'i = (cot<. + coti)», 
(i) 2 cot' V = (Mt o - cot 4)'. [See p. 66.] 

3. Show that— 

[a) cot' i + cot' i| = cot' a + cot' b, 
(i) cot' i - cot' q = 2 cot a cot 6. 

i. If the bisecton of the vertical angle G meet the base in X and T, show 
that 

2 cos Xr= (oof o - oot' *) sin i sin u. 

[Cf. p. 67, Ex. 6.] 
6. If ^ be the angle between the bisector of the vertical angle and the 
perpendicular, show that 
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6. In a right-angled triangle, show that 

. / .. «v cos a + cos 4 

sin (^ + 5 = -^ r . 

l+cosacoso 

[Apply Delambre's fonnuleB.] 



7. Show that 



a h 

tan /S = cot - cot -. 



l+ten--^ 



[Here tan 6^ = 



A+B 
1-tan 



2 
[Apply Napier's Analogies.] 

8. Construct a right-angled triangle, being given the hypotenuse and — 

(1). The sum of the base angles ; 
(2). The difference of the base angles. 

[Apply Gauss's formulae.] 

9. Given the hypotenuse and the sum or difference of the sides ; construct 
the triangle. (See Ex. 8.) 

10. Given the sum of the sides a and &, and the sum of the base angles ; 

solve the triangle. 

[Apply Gauss's formulae.] 

11. Show that 



. A Vsin ^ + sin a + Vsin — sin a 
sm— CB 



2 2 Vsin c 



sm a 



[Here, if we divide out by V sin 0, and put -; — = sin .^, the right-hand 

(A A\ '^ 

sin— ± cos —J ; 

therefore, &c.] 

12. If a, a', iS, fi\ 7, y' be the segments of the sides of any spherical 
triangle made by the perpendiculars from the opposite vertex, show that 

cos a cos iS cos 7 = cos a* cos fi* cos y\ 
cos a cos a cos iS cos h cos 7 cos (^ 



[For 



cos a' "* cos & * cosiS' cos e ' cos 7' cos a 



/« ^^ -r> ..t •»- cos a cos i3 cos 7 , „ , « ., 
(See p. 99, Ex. 11). Hence, cos a' cos »' cos y' '^ ^ ' ^®^^<^» *®-1 
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13. Using the notation of the preceding Example, show that — 

(a) sin a sin iS sin 7 = sin^a' sin $' sin y', 
{b) tan a tan iS tan 7 = tan a tan $' tan y\ 

1(a) follows from the formula tan p = tan ^ sin a = tan B sin a .] 

14. Find the distance between any two points on the Earth's surface, 
given their latitudes and longitudes. 

If A. and A.' be their latitudes, and I and r their longitudes, we have 

cos 8 = sin A sin a' + cos A cos A' cos (/ — T). 

15. The cosines of the base anglen of any triangle are proportional to the 
cosines of angles which the sides make with the arc joining the vertex to 
the pole of the perpendicular from the vertex on the base. 

[For these latter cosines are equal to the sines of the segments of the ver- 
tical angle made by the perpendicular.] 

16. If 8 be the length of the arc through the vertex of an isosceles tri- 
angle, dividing the base into segments a and $, prove that 

a $ + 8 a — 8 
tan — tan — = tan tan , 

where a is one of the equal sides of the triangle. 

[See Art. 43, or apply Napier's Analogies.] 

17. Find a relation connecting the mutual distances of any three places 
with their latitudes. 

[By the aid of Ex. 14. See also Art. 65 (1).] 

18. On the Earth considered as a sphere a great circle is drawn, inclined 
to the Equator at an angle of 30", and cutting it in points whose longitudes 
are 0° and 180''. Find the longitudes of the meridians, dividing the great 
circle into eight equal parts. 

19. Two points A and B are taken on two secondaries to a great circle 
A'JB* If be the angle between the arcs AB and A'B'y its value is found 
by the equation (Q, U. /. £xam. Papers) — 



cosAA'cobB4^'' 

rcos ^ sin -4 sin -4 sin.^'^' ., - - 1 
7-r, ^r^, = ^r^. = ~ — 7777 = -: — 7^ I therefore, «c. 
cobAA'cobBB' CO6 BB' sin BC sin AB J 
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CHAPTEE V. 

OBLIQUE-ANGLED TRIANGLES. 

57. In the present Chapter we propose to consider the 
different cases which occur in the solution of oblique- 
angled triangles. As in right-angled triangles (Chap. IV.) 
there are six distinct cases, when we are given three of 
the parts, and are required to determine the remaining 
three. 

Before proceeding to the general solutions of the tri- 
angles, we may notice that from particular values of the 
given parts the values of the other parts may be made to 
depend on the solutions of right-angled triangles, as for 
example — 

a. Let the side a be a quadrant. 

Here the supplemental triangle is right-angled ; there- 
fore, &c. 

/3. Let the sides a and h be equal. 

The triangle is divided into two equal right-angled tri- 
angles by the perpendicular to the base passing through 
the vertex ; therefore, &c. 

7. The general solution of the equilateral triangle may 
be derived by aid of the logarithmic equation 

tan — 

2 fl 

■ = cos A. or 2 cos -4 « sec' ^. 
tan a 2 
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68. The six oases (Art. 57) which present themselves 
are the following: — 

I. Having given three sides, a, J, c 

II. Having given three angles, A, By C 

III. Having given two sides and the in- 

eluded angle, a, C, b 

IV. Having given two angles and the 

adjacent side, Ay c^ B 

V. Having given two sides and an angle 

opposite either, a, J, A 

VI. Having given two angles and a side 

opposite either, Ay B, a 

but these are immediately resolved into three distinct 
problems by the aid of the polar triangle. 

For, when three sides are given, and the angles of the 
triangle are required, the data applied to the polar tri- 
angle transforms the problem into a supplemental prob- 
lem, vizi — Having given three angles of a triangle, find 
the sides. 

Similarly, Cases III. and IV. are supplemental, like- 
wise V. and VI. 

59. When numerical values are assigned to the given 
parts, in order to ascertain the remaining parts in degrees, 
minutes, and seconds, we employ formulae adapted to 
logarithmic computation. 

All the formulae given in Chap. III. are either in log- 
arithmic form or can immediately be thrown into the 
desired shape by means of a subsidiary angle. For the 
present we select the logarithmic formulae, and apply 
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them to the following numerical examples, while we re- 
serve the remaining formnlsB for future discussion. (See 
Art. 76.) 

60. Case I. — Having giten the three sideSy «, J, c. Here 
we have (Art. 33), 



tan ~ = /sm(a-ft)sin(g-o) 
2 \ sins sin (s- a) 

sm («-a)\ 



sin(«-a) sin(s-J)sin(s-c) 



sms 

The part under the radical, being a symmetric function of 
the sides, appears on the right-hand side of the equations 
for determining -4, jB, 0, and when once calculated is 
utilized in the calculation of each angle. 
The logarithmic form of the above equation is 

A 

L tan ~ = 10 - i sin (s - a) + i { L sin (« - a) + X sin (s - J) 

+ X sin (s - c) - i sin s } . 

Examples. 

(1). Given a = 46° 24", b = 67° 14', e = 81° 12'. 

Z sin » = Z sin 97° 26' = 9-9963513. 

Z sin (« - a) = Z sin 51° 1' = 9*8906049. 
Z sin («-*)= Z sin 30° 11' = 9*7013681. 
Z sin (« - <J) = Z sin 16° 13' = 9-4460251. 

Z tan J ^ = 9-6302185 ; .•. ^ = 46° 13' 30". 
Z tan J 5 = 9-8194663 ; .-. 5 = 66« 50' 20". 
Z tan J C = 10-0747984 ; .*. C = 99° 49' 10". 
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(2). Giyen a = 108' 14', b = 76'' 29', e = 66" 37'. 

Lama = Z sin 120' 10' = 9-9367988. 

Xsin (»-a) = X8in 11" 56' « 9-3164947. 
X sin (« - 6) = X sin 44° 41' = 9-8470714. 
X sin (« - c) = X sin 63** 33' = 9-9519799. 



X tan J ^ = 10-2733789 
XtanJiTs 9-7418022 
X tan } (7 s 9-6368937 



.-.^=123'' 53' 47". 
.-. 5 = 57** 46' 66". 
.-. C = 46' 61' 51-6". 



(3). Given a = 67* 17', b = 20° 39', e = 76° 22'. 

Xsin* =Xsin77" 9' = 9-9889849. 

X sin (« - o) = X sin 19° 62' = 9-6312649. 
X sin («-*)= X sin 66° 30' = 9-9211066. 
X sin (»-<?)= X sin 0° 47' = 8-1368104. 



tan}^= 9-2683336 
Xtan^jSrr 8-8784919 
X tan i C = 10-6637881 



.-. A^ 21° 1' 2". 
.-.5= 8° 38' 46". 
.-. C = 165° 31' 36-6' 



(4). Given a = 68° 46', b = 63° 16', <? = 46° 30'. 

X sin » = X sin 84° 16' = 9-9978093. 

X sin (« - a) = X sin 16° 30' = 9-4268988. 
X sin («-*)= X sin 31° 0' = 9*7118393. 
X sin (« - c) = X sin 37° 46' = 9-7869066. 

X tan J ^ = 10-0370184 ; .-. ^ = 94° 62' 40". 
X tan J 5= 9-7620779 
X tan J (7= 9-6770116 



.•.5 = 58^66' 10". 
.-. C = 60° 60' 62J". 



(6). Given a = 63° 64', b = 47° 18', e = 63° 26'. 

X sin « = X sin 82° 19' = 9-9960834. 

X sin (f - a) = X sin 18° 26' = 9-4996840. 
X sin (f - *) =s X sin 36° 1' = 9-7687717. 
X sin («-<;)= X sin 28° 63' = 9-6839720. 
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X tan i ^ = 9*9736382 
Ltfm\B^ 9*7143506 
Z tan i C7 = 9*7891502 



.•.^= 86' 30' 40". 

.*. J = 64M6'14". 
.*. (7 = 63M2' 55J". 



61. Case II. — Having given the three angles Ay By C. 
Here we have (Art. 36), 



. a ^ I ~ cos iS cos [8 - A) 
2 " Vcos(/S-^)oos(/S-(7) 



^8^A)\ 



-coSiS 

= 008 



COS [8- A) cos [&-B) cos (S- C)' 



he 
with similar values for tan ^ and tan ^. 



Examples. 

(1). Given A » 68° 30', B = 74° 20', C= 83° 10'. 

Z (- COS -S) = Z cos 67° 0' = 9*5918780. 
Z cos (5'- ^)= Z cos 44° 30' = 9*8532421. 
Z cos {8-B)^L cos 38° 40' = 9*8925365. 
Z cos (aS - C) = Z cos 29° 60' = 9*9382576. 

Ztan 1=9*8071630; .*. a = 65°21' 22^". 

Z tan I = 9*8464674 ; .*. * = 70° 9' 9 J". 

Z tan I = 9*8921785 ; .*.<?= 75° 55' 9". 

(2). Given A = 86° 20', B = 76° 30', C = 94° 40'. 

Z (- cos iS) = Z cos 51° 15' = 9*7965212. 
Z cos (iS - ^) = Z cos 42° 25' = 9*8682088. 
Z cos (.S - 5) = Z cos 52° 15' = 9*7869066. 
Z cos (6^ - C) = Z cos 34° 5' = 9*9181475. 
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tan^ar:: 9*9798385 
tan^dsr 9*8986353 
tan J <f = 10-0297772 



.-. a = 87** 20' 28". 
.-. * = 76M4'2J". 
.-. e = 93" 55' 31". 



(3). Giyen A = 96' 45', B = 108' 30', (7= 116' 15'. 

X (- cos -S) = X COB 19* 45' = 9-9750129. 
L cos (5' - ^) = X cos 64' 0' = 9*6418420. 
X cos {S-B) =LcoB 52' 15' = 9*7869056. 
X cos (5' - (7) = -C cos 44' 30' = 9*9532421. 



tan}a= 9*9883536 
tan^ 6 = 10*1334172 
tan J <?= 10*1997537 



.*. a= 88' 27' 49". 
.-. * = 107' 19' 52". 
.-. c = 115' 28' 13i". 



(4). Given A = 78' 30', 5 = 118' 40', C7= 93' 20'. 

X (- cos i^ = X cos 34' 45' = 9*9146852. 
X cos (6^ - .4) = X cos 66' 45' = 9*6963154. 
X cos (/S - jB) = X cos 26' 35' = 9*9514757. 
X cos (5 - C) = X cos 61' 55' = 9*7901493. 



tonkas 9*8846878 
tan i & = 10*2398481 
tan i <; = 10*0785217 



.*. a= 74' 57' 46". 
.*. i=120' 8' 49". 
.*.<? = 100' 18' 11}". 



(6). Given A = 67' 60', B = 98' 20', C = 63' 40'. 

X(-co8 5) =Xco8 70' 6' = 9*6323123. 
X cos (6- - -4) = X cos 62' 5' = 9*7885323. 
X cos (^ - -B) = X cos 11' 36' = 9*9910637. 
Lcob(8-C) = X cos 46' 16' = 9*8398004. 



tan i a = 9*7449903 
tan i ^ = 9*9476217 
tan i c r= 9*7962584 



.*. a = 68'8'19". 
.*. b = 83' 5' 36". 
.*.<? =64' 3' 20". 
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62. Case III. — Saving given two sides and the included 
angle, a, C, b. 

This case is somewhat similar to the corresponding one 
in Plane Trig., the base angles being calculated from two 
separate equations, one giving half the sum and the other 
half the difference of those angles. The formulae to be 
employed have been arrived at on p. 43 (Note to Ex. 8). 
They have, moreover, been demonstrated geometrically 
from the relations between the sides and angles of certain 
right-angled triangles. As they are of fundamental im- 
portance in the solution of triangles, we shall now pro- 
ceed by a direct method to obtain the same results. 

63. UTapier's Analogies : 

T , sin -4 sin J? 

Jjet X = —, — = -: — =- ; 

sm a sin 6 

» 

hence, 

sin -4 ± sin jB ,- v 

aJ= — -: -— ; J-. (1) 

fiin a ± sm ft 
Now 

cos -4 + cos -B cos (7= sin-B sin C co&a = a; sin C sin J cos a, 

and 

cosjB + cos C COS A = sin Csin^ cos b = a?sin(7sina cosi. 

By addition, 

(cos-4 + cosjB)(1 + cos C) = a? sin (7sin(a + 6); (2) 
by subtraction, 

(cosjB-oos-4)(1-oos(7) = xan £7 sin (a- J). (3) 



Napier^ 8 Analogies. Ill 

On taking the positive sign in (1), and dividing by (2), 

we obtain, 

sin^ + sin-B sin a + sin 6 l + cosC 
cos^ + oos5 sin(fl + 6J ' sin £7 ' 

or 

tan i (^ + jB) = — 1-7 cot -^. (a') 

^ ' cos J (fl + 6) 2 ^ ^ 

On taking the negative sign in (1), we obtain, by a similar 
method, 

^ Sin J (a + 6) 2 ^'^ ^ 

Employing the supplemental formulse, viz., 

cos a - cos 6 cos c = sin 6 sin c cos ^ = - sin jB cos ^ sin c, 

X 

and 

cos 6 -cose cos a = sine sin a cos j5 = - sin ^ cos JS sine, 

X 

we have, as before, 

X. (cos a ± cos 6) (1 + cose) = sin e sin (jB ± A). 

Dividing each of these equations by results in equation (1) 
to eliminate Xj we have formulae supplemental to [a] and 

01.™-. 
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64. Delambre's (or Cfauss's) Analogies: 

By the preceding Article, we have 

tani (^ + 5) tang ='-547^1 
' 2 cos J (a + 6) 

Hence, 

l-tani(^ + 5)taiiiC=l- H2i|fcg; 
* ^ ' * cos J (a + 6) 

or 

- cos S 2 sini a sin ^ 6 ^ 

cos J (-4 + 5) cos i (7 cos i (a + J) ' 

but 

sin ^ a sin ^ ^ sin C 



(1) 



- cos iS = 



cos i c 

[Page 74, Ex. 28.] 



Substituting this value in (1), we have at once 

cos J (-4 + jB) cos i c = cos i (a + J) sin i C. (a) * 

Again, 

l+tani(^-i?)taniC=l +^^511^. 

Hence, 

cos [8- A) 2siniflcosi6 ^ 



cos5(-4-£)cosiC sini(fl4-6 ' 



(2) 



but (p. 76, Ex. 31) 



/rv -x COsiJcOsic .J.I 1 SIUjB 

cos(o--4) = \ sin-4 = smiflcosi(J -; — rr- 

cosiflj sin ^6 
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Substituting this value in (2), we have 

/J 
cos ^ (A-B) SID. ^ = sin i (a + 6) sin i C. f/3) 



Similarly, 



c 



sin i (-4 + B) cos ^ = cos i (a"? b) cos J (7, (7) 
and 

sin ^ (^ - jB) sin - = sin i (« - b) cos ^ (7. (S) 

65. It will be thus seen that when each of Napier's 
Analogies is added to or subtracted from unity, the re- 
sults are easily transformed into Delambre's formulee. 

It is also to be noticed that if the equation 

cos \(A-\- B) cos \c = cos \ {a •\- b) sin \ 

be applied to the co-lunar triangle of parts a, tt - 6, tt - c?, 
A, ir-B, n - C, we get 

sin i (-4 - jB) sin ^ c = sin ^ {a - b) cos ^ C. 

And by a similar method, the equation 

sin ^ (A + B) cos i c = cos i (« - 6) cos 5 C 
gives 

cos i (-4 - i?) sin ^ c = sin i (a + J) sin i (7. 

Remark. — From the three preceding Articles it has been 
shown that Napier's four Analogies are reducible, by aid 
of the polar triangle, to two independent theorems, involving 
five parts of a spherical triangle ; and that Gauss's foi^^ 
formulae are, by aid of the colunar triangle, likewise re- 
ducible to two independent theorems. 
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66. lu the solution of triangles, Case III., the for- 
mulaB 

tani(^ + jB)= — f) — = cotiC, 

and 

X 1 / .1 TIN sin i (a - 6) , , ^ 

tani (^ - ^) = -^4-7 T{ cot i C, 

' sini(a + 6j 

enable us to calculate i{A + B) and i (-4 - £), from which 
we obtain A and B. 

The remaining element c is determined from the equa- 
tion 

cos i{A + B) oos^c == cos i{a-\- b) sin i (7 ; 

or, as will be hereafter shown, it may be determined from 
the formula 

cos c = COS a cos b + sma sin b cos C, 

without having previously determined A or B. 

Examples. 

(1). Given a = 43° 18', b = 19° 24', C = 74° 22'. 
Firstly, detennine ^ and B — 

Zcos J(a-*) = Z cos 11°67'= 9-9904848. 
X cos J («+*) = X cos 31° 21' = 9-9314605. 
Z cot J C = Z cot 37° 11' = 10-1199969. 

Z tan i (^ + ^) = 10-1790212. 

Z sin J {a-b) = 9-3160921. 
Z sin i{a + b) = 9-7162243. 

Z tan ^{A-B):= 9-7198647. 
Therefore, 

^-(.l-i-i^) = 66^29' 17", and 1{A - JJ) = 27' 4V OV'. 



To determine 


1!— 










ico 


ei(- + i) 


= i. 


JOS 31' 21' 




= 9-93Ufi06. 


iM 


« i (^ + £) 


= i 


ene 66= 29' 


17" 


= 9-74202Q3. 


ZemJC 


= 2 


sin ar 11' 




= 9' 781 3010. 



LDOlie = 8-9707352, or J r = 20' 48' 64^". 
Ant. A = W 10' 17i", B = 28° 48' 17i", c - 41' 35' 48J", 

= 96= 24' 30", * = 08' 2"' 26", C = 84= 46' 40". 

Z cos 1 (« - 4) = X 008 13° 58' 32" = 9-9869603. 

i C08 1 (a + *) = i cos 82° 26' 68" - 9-1195505. 

LcotiC = Z cot 42' 23' 20" = 10-0390387. 

L tan ^ ^A -I- 3) ^ 10-9070386. 

Z Bin J (» - h) = 9-3829313, L ma ^ (a + 6) = 9-9962011. 

HaiiHA-B) = 9-4263889 

I (.^ + .fl) = 82° 68' 19f ", HA-B) = H' 56 4(^ 
Leot^iA-t B) = 9-089664O L 

ZaniO = 9-8287024 ' 

i w» i e = 9-8«866a4, i f = 43 4o 48, 
A«4. A = 97° 53' OJ", S = 67' 59 d9i e 87 Jl ^ 

n = 76'2*' 40", b = J8' 18' 36", C=. 116" 30' 28". 

X COB J C - *) = -t "» 8° 3' 2" = 9-9946690. 

i cos i ("+*} = ^ "» 67° 21' 38" = 9-6853827. 

i cot 1 f7 = i cot 58° 16' 14" = 9-7914978. 

LttaHA-i B) =,10-2006739. 

Z un i (i - i} - 9-1967450, Z sin ( (a + J) = 9-9651760. 

ltaai{A-B) = 9-023066S. 

1 (*( + J) = 57' 47' 23}'', i(^-^ = e*riu". 

i2 
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L cos \ (A -{■£) = 9-7267476 

isinJC =9-9296171. 

J <j = 62° 6' 43J". 

Ann, A = 63° 48' 35^", B = 51° 46' 12^", c = 104° 13' 27", 

(4). a = 86° 18' 40", * =; 45° 36' 20", C= 120° 46' 30". 

Z cos }(«-*)= i cos 20° 21' 10" = 9-9720032. 
Z cos J (a + *) = X cos 65° 57' 30" = 9-6100219. 
Z cot J C7 = Z cot 60° 23' 15" = 9-7546296. 

i (^ + B) = 62° 36' 4J". 

Z sin i {a- b) = 9*5413288, Z sin ^ {a + b) = 9-9605894. 

i(A-B)^ 12° 12' 49". 

Z sin J C = 9-9392132. 

Z cos ?, {A ■^B) = 9-7834444. 

^(■ = 64'^ 19' 35f' . 
Ans. A = 64° 48' o3f ", ^ = 40° 23' lof , 6* = 108° 39' 11 J". 

(6). a = 88° 24', * = 66° 48', C'= 128° 16'. 

Z cos i («-*)= Z cos 16° 48' = 9-9832736. 
Z cos J (a + *) = Z cos 72° 36' = 9-4767304. 
Z cot ^ C = Z cot 64° 8' = 9-6856120. 

^{A+B) = Sr 20' 27J". 

Z sin J (a - *) = 9-4360161, Z sin J (a + *) = 9-9796678. 

J {A-B) = r 62' 36i". 

Z cos ^{A + B) = 9-7321029. 
Z sin ^ C = 9-9541617. 

i c = 60° 5' 26". 

Ans, A = 65° 13' 3.\", 7^ = 49° 27' 61", c = 120° 10' 62". 
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(6). a = i = 32» 23' 67", C = 66° 49' 17". 

{Science and Art Exam, Papers,) 
X cos J (a - *) = 10. 

Z cos J (a + *) = Z cos 32° 23' 67" = 9-9265152. 

X cot J C7 = Z cot 33° 24' 38J" = 10-1806890. 

J (^ + 5) = 60° 63' 2". 

Z sin a = 9-7290144. 
Z sin J C= 9-7408650. 

Jc=l7°9'35i". 
Ans, ^ = 5 = 60° 63' 2", c = 34° 19' 11". 

67. Case IV. — Having given two angles and the adjacent 
side {A, B, c). 

By Napier* 8 Analogies : 

tan i (a + 6) = — ^-)-3 — -f tan i c, 

^ ^ cos i (^ + i^) * ' 

and 

tani(.-6)= ^.^^^^^^^ tani.; 

from which we may determine ^ {a -yV) and \ (a-b), and 
thence a and &. 

The remaining part C is determined by the equation 

cos i (a + 6) sin i C = cos ^{A-¥ B) cos i c. 

It is evident that the value of C thus found is ambiguous,* 
inasmuch as the angle is obtained from the sine ; and the 
values are, therefore, C and 180 - C. The equation has, 
however, been selected as an example, to show that an 



♦ By using formula y (or 8), p. 113, ambiguity is avoided. 



] 
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ambiguity may sometimes be got rid of by attending to 
the relations the parts of a triangle bear to each other ; 
and in the following numerical examples the ambiguity 
is removed by remembering that the greater side is oppo- 
site to the greater angle. 

Examples. 

(1). ^ = 68*40', ^ = 56*»20', <?=84'30'. 

Z COB i (^ - 5) = Z C08 6M0' = 9 9974797. 
Z COB } (^ 4 ^) = Z cos 62° 30' = 9*6644056. 
LXsoL^e = Z tan 42° 15' = 9-9o82465. 

i (a + *) = 62° bb* 9". 

Z sin i (^ - 5) = 9-0310890, Z sin J (^ + -B) = 9-9479289. 

J (a - *) = 6° 16' 39". 

Z COB i (a + d) = 9-6682472. 

Z cos i = 9-8693-597. 

i (7=48° 39' 31 J". 

Ana, a = 69° 11' 48", A = 66° 38' 30", C= 97° 19' 3J". 

(2). A = 31° 34' 26", B = 30° 28' 12", e = 70° 2' 3". 

Z COS i (^ - 5) = Z cos 0° 33' 7" = 9- 9999799. 

Z cos J (^ + ^) = ^ cos 31° 1' 19" = 9- 9329666. 

Z tan i r = Z tan 35° 1' 1^" = 9- 8466023. 

J (a + *) = 39° 16' 4i". 

Z sin J (^ - ^) = 7-9837459. Z sin J (^ + -B) = 9-7121160. 

J (a - *) = 0° 45' 1". 

Z COS J (« + *) = 9-8888507. 
Z COS J c = 9-9132738. 

JC=66°1'56". 

Ans. a = 40° 1' 5J", h = Z^" 31' 3J", C = 130*^ 3' 60". 
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(3). A = 130'' 6' 22-41", B = 32*' 26' 6-41", c = 51° 6' 11-6". 

{Science Siz. Exam. Papers,) 

Z coa i {A -B) = L cos 48" 49' 38" = 9-8184449. 
L COB i (A + B) = L cos 81° 16' 44*41" = 91815879. 
X tan J c = i tan 26° 33' 6-8" = 9-6795022. 

J (a + *) = 64° 14' 7". 

Z sin J (^ - 5) = 9-8766380, Z sin i (A + B) = 9-9949301. 

J (a - *) = 20° 0' 22". 

Z cos i{a + b) = 9-6381663. 
Lcosie = 9-9562944. 

J C= 18° 22' 43". 
Ana. a = 84° 14' 29", h = 44° 13' 46", C = 36° 46' 26". 

(4). A = 96° 46' 30", B = 84° 30' 20", c = 126° 46'. 

Lcoai{A-B) =Zco8 6° 8' 5"= 9-9976068. 

♦Z cos supplement of J (^ + -B) = Z cos 89° 21' 35" = 8-0482011. 

Z tan J c = Z tan 63° 23" = 10-3000526. 

Supplement oi i {a + b) = 89° 40' 38". 

Z sin i{A-B) = 9-0288420, Z sin i(A-\-B) = 9-9999729. 

J (a - i) = 12° 2' 20". 

Z cos supplement of J (a + *) = 7'7506455, cos J c = 9-6512966. 

JC=62°44' 6^. 

Ans. a = 102° 21' 42", b = 78° 17' 2", C= 125° 28' 13J". 



♦ When ^ {A -i- B) exceeds a quadrant, by substituting its supplement in 
the equation, a value is obtained for the supplement of J (« + b). See 
Napier* 8 AnahgieSy and Gauss's Formulip^ from which it also appears that 
\ (A + B) and J (a + i) are of the same affection. 
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(5). ^ = 84° 30' 20", 5 = 76° 20' 40", c = 130° 46 . 

X cos J (^ - 5) = X cos 4° 4' 50" = 9-9988977. 
i cos J (^ + J5) = X cos 80° 25' 30" = 9-2209927. 
X tan J c = X tan 66° 23' = 10-3389566. 

J (a + A) = 85° 37' 50i". 

X sin \(A- B)^ 8-8522289, X sin \[A + B) = 9-9939071. 

J (a - *) = 8° 57' 2". 

X cos i (« + *) = 8-8818753. 
X cos J c = 96196622. 

J C = 65° 25' 46f ". 
Ans, a = 94°34'62f', * = 76° 40' 48J", C= 130° 51' 33J". 

68. Case V. — Having given two sides and the angle oppo- 
site either {a, b, A), 

The angle B is found from the formula 



. _ smb , . 
amn = - — sm A, 
sma 



For the angle (7, 



, ^ cos i (a~b) , 1 / . ^v 

tan i C = f-7 n cot i (-4 + £). 

cos t (a + o) ^ 

For the side c, 

, 1 cosi(-4 + 5) ^ , , ,, 
tan * c = — f^— — ~ tan * (a + h). 

Since B has been found from its sine, it may have two 
values, viz. B and 180 - -B, and the triangle in the general 
case will admit of two solutions. 

This is known as the ambiguous case, a full discussion of 
which is given in Arts. 70-75. 
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The following numerical examples will serve to eluci- 
date how two different triangles may be constructed when 
three parts are given : — 

Examples. 

1). a = 42M6', * = 47°15', ^ = 56° 30'. 

Z sin a = Z sin 42° 45' = 9*8317423. 
Z sin i = Z sin 47° 16' « 9-8658868. 
Z sin ^ = Z sin 56° 30' = 9-9211066. 
Zsin-B =9-9562511. 

5 = 64° 26' 4", or 115° 33" 66". 



Hence 



and 

Hence 

or 



Firstly — take the value of B less than a right angle. 

ZcosJ(* + «) =Zcos45° 0' =9-8494850. 
Z cos J (* - a) = Z cos 2° 15' = 9-9996660 ; 
Z cot i (J9 + ^) = Z cot 60° 28' 2" = 9-7632216. 
Z tan J C = 9-9034016 ; 

J (7= 38° 40' 47 J". 

Z cos J (5 + ^) = Z cos 60° 28' 2" = 9-6927772. 
ZcosJ(5-^) = Zcos 3° 58' 2"= 9-9989681. 
Z tan J (* + rt) = Z tan 46° 0' 0" = 10-0000000. 

J c = 26° 17' 39". 

Secondly — take the value of 3 greater than a right angle. Then 
Z cot J (J5 + ^) = Z cot 86° r 68" = 8-8410686 ; 
and hy aid of the logarithms in the first case we have 

i C = 5° 35' 50i ". 
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Again, 

LcQ»\{B-V A)^L cos 86'^ 1' 58" = 8-8400167. 

X cos J (5 - ^) = X cos 29° 31' 58" = 9-9396661. 
Hence 

J c = 4° 32' 47J". 
Ana. — 

B = 64° 25' 4", C= 77^* 21' 36", e = 52° 35' 18" ; 
or 

B = 115° 33' 56", C= 11° ir 40J", c = 9° 5' 34^". 

(2). a = 62° 16' 24", b = 103° 18' 47", A = 53° 42' 38". 

X sin a = X sin 62° 16' 24" » 9*9469638. 

Xsini =X sin 76° 41' 13" = 9-9881693. 

X sin -4 = X sin 63° 42' 38" = 9-9063552. 

J = 62° 24' 24t", or 117° 35' 36i''. 
Firstly— 

X cos J (* + a) = X cos 82° 47' 5J" = 9-0989736. 

X cos } (* - «) = X cos 20° 31' 41J" = 9-9715077. 
X cot J (-5 + ^) = -^ cot 68° 3' 31f" = 9-7947983. 
i C7 = 77° 61' 35f ". 

XcosJ(S + ui) =Xco8 68° 3'31F= 9-7234966. 
Lco%\(B-A) =Xcos 4°20'53f"= 9-9987482. 
X tan J (i + a) = X tan 82° 47' 6J" = 10-8975738. 

J (J = 76° 34' 471". 
Secondly — 

X cot J (5 + ^) = X cot 85° 39' 6f " = 8-8810181. 

J C = 29° 33' 5^". 

X cos J (S + ^) = X cos 85° 39' 6J" = 8-8797663. 
X cos } (S - ^) = X cos 31° 56' 28}" = 9-9286983. 

J <? = 35° 12' 43". 
Ana. — 

B= 62° 24' 24^, C= 155° 43' 11 J", c = 153° 9' 354" ; 
or 

-8=117° 36' 35i", C= 59° 6' 10}", (?= 70° 25' 26". 
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(3). a = 52° 45' 20", b = 71° 12' 40", ^ = 46° 22' 10". 

B = 69° 24' 16i", or 120° 36' 44J." 
Firstly— 

X cos J (* + a) = X cos 61° 59' = 9-6718468. 

Z cos i (6 - «) = Z cos 9° 13' 40" = 9-9943430. 
Z cot J (S + ^) = X cot 52° 63' 12j" = 9-8788970. 

i C = 67° 49' 57J". 

X cos J (J9 + ^) = Z cos 52° 63' 12J" = 9-7806983. 
Z cos J (S - ^) = Z cos 6° 31' 2f ' = 9-9971842. 
Z tan J (A + a) = Z tan 61° 59' =10-2740209. 

J c = 48° 46' 39f ". 
Secondly — 

Z cot J (5 + ^) = Z cot 83° 28' 57i" = 9-0578349. 
i C7= 13° 29' 67*". 

Z cos J (5 + -4) = Z cos 83° 28' 57i" = 9-0660190. 
. Z cos J (5 - ^) = Z cos 37° 6' 471" = 9-9017013. 

J c = 14° 58' 35^'. 

Arts, — 

B= 69° 24' 16J", C= 115° 39' 661", <' = 97° 33' 18^", 
or 

S = 120° 35' 44i", C= 26° 59' 56V', c = 29° 57' lOJ". 

(4). a = 48° 46' 40", b = 67° 12' 20", A = 42° 20' 30". 

B = 56° 39' 57", or 124° 20' 3". 
Firstly— 

Zco8j(a + a) =Z cos 67° 69' 0" =9-7244118. 
Z cos J (* - a) = Z cos 9° 13' 20" = 9-9943498. 
Z cot i (-» + ^) = Z cot 49° 0' 13i" = 9-9391057. 

iC=68° 17' 9'. 

Lco9i(B + A) = Z cos 49° 0' 13i" = 9-8169102. 
LcoBi{B-A) = Z cos 6° 39' 43J" = 9-9970676. 
Z tan J (4 + a) = Z tan 67° 59' 0" =10-2029297. 

'- = 46^ 34' 41". 
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Secondly — 

X cot J (^ + ui) = X cot 83° 20' 16J" = 9-0674606. 

JC=12° 16' 7J". 

X cos } (5 + u4) = Z COB 83° 20' 16J" = 9-0646081. 
X cos J (5 - ^) = X COS 40° 69' 46J" = 9-8778046. 

J c = 13° 48' 40". 

Ans. — 

B= 65° 39' 67", C= 116° 34' 18", c = 93° 8' 9f " ; 
or 

-8 = 124° 20' 3", C= 24° 32' 15", c = 27° 37' 20". 

(6). a = 46° 20' 46", b = 66° 18' 16", A = 40° 10' 30". 

B = 64° 6' 19", or 125° 63' 41". 

Firstly— 

X COS i (A + tf) = X cos 66° 49' 30" = 9-7496218. 

Xco8j(*-a) =Xcos 9° 28' 46" =9-9940291. 

X cot } (5 + ^) = X cot 47° 8' 24i" = 9-9676258. 

J (7=58° 27' 43". 

XcosJ(S + u4) = Xcos47° 8'24i"= 9-8326414. 
X cos J (-B - -4) = X cos 6° 57' 54^' = 9-9967831. 
XtanJ(* + a) = X tan 66° 49' 30" =10-1681548. 

J (? = 45° 16' 53". 
Secondly — 

X cot J (5 + ^) = X cot 83° 2' 6J" = 90869538. 
J C= 12° 6' 26f". 

X cos J (J9 + ^) = X cos 83° 2' 6J" = 9-0837368. 
X cos J (S - ^) = X cos 42° 51' 36 J" = 9-8661166. 

J c = 13° 41' 37". 

Ana, — 

B= 54° 6' 19", C= 116° 56' 26", c = 90° 31' 46'. 

B = 125° 63' 41", C = 24° 12' 63J", c = 27° 23' 14". 
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69. Case VI. — Having given two angles and a side oppch 
aite one of them (-4, -B, a). 

This Case reduces, by aid of the polar triangle, to the 
preceding, and the direct solution may be therefore ob- 
tained by means of formulee supplemental to those em- 
ployed in Art. 68, viz., 

. , Bin B . 
sm = -; — 7 sm a, 
sm A 

taniC= ^'j[^"^i cotH^ + ^)> 
cos J (a + 6) "^ ^ 

, cos i (^ + jB) , , , ,. 
The same ambiguities will thus present themselves. 



Examples. 

(1). a = 69° 28' 27", A = 66° T 20", B = 62° 50' 20". 

b = 48° 39' 16", or 131° 2(/ 44". 

Firstly — take the value of b less than a right angle. 

X COS J (a-*) =Zcos 6° 24' 36J" = 9-9980612. 
Zco8i(a + b) =Zco8 64° 3' 61 J" = 9-7686470. 
X cot J (^ + 5) = Z cot 69° 28' 50" = 9-7704864. 

J C? = 45. 

Z cos i{A + Ii)=L cos 69° 28' 50" = 9-7067190. 
X cos J (^ - ^) = Z cos 6° 38' 30" = 9-9970766. 
ZtanJ(a + *) = Z tan 54° 3' 61i" = 10-1397643. 

i(j = 35° 11' oor'. 
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The second value of b is inadmissible (see foot note, p. 1 19), and theiefore 
there is only one solution. 

Ana, — 

4= 48' 39' 16", C=90°, c = 70° 23' 41 J". 

(2). a = 63° 18' 20, A = 79° 30' 46", B = 46° 15' 15". 

b = 36° 6' 34i", or 143° 64' 26i". 

Firstly— 

X cos J (a - *) = X cos 8° 36' 22J" = 9-9950822. 

X cos J (a + *) = X cos 44° 41' 67i" = 9-8517628. 

X cot i (^ + -B) = X cot 62'^ 53' = 9*7093488. 

J C = 36° 27' 47J". 

X cos J (^ + -B) = X cos 62° 63' = 9*6587780. 

X cos J (^ - -B) = X cos 16° 37' 45" = 9*9814457. 

X tan J (a + A) = X tan 44° 41' 57i" = 9*9964404. 

J c = 26° 12' 28J". 

[No ambiguity, as in Ex. 1.] 

Ans. — 

b = 36° 6' 34|", C= 70° 65' 36", c = 50° 24' 57' . 

(3). « = 46°45'30", ^1 = 73° 11' 18", -B = 61° 18' 12"; 

« 

■therefore 3 = 41° 62' 34}", or 138° 7' 26i". 

Firstly— 

X cos J (a -A) =Xcos 2° 26' 23i" = 9*9996061. 

X cos i (a + *) = X cos 44° 19' 6|" = 9*8646894. 

X cot J (^ + -B) = X cot 67° 14' 46" = 90226494. 

i 6' = 30° 21' 23J". 

X cos i{A-{-£) = L cos 67° 14' 46" = 9-5874618. 

X cos J (-4 - -B) = X cofl 6° 66' 33" = 9*9976600. 

X tan J (a + A) = X tan 44° 19' 6|" = 9*9896683. 

}j c = 20° 47° 32". 

[Only one solution.] 
Ann. — 

b= 41° 52' 31}", C=G0° 42' 40^', ^=41' 36' 4". 
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(4). a = 42'' 15' 20", A = 46** 30' 40", B = 36° 20' 20". 

b = 33° 18' 47 J", or 146° 41' 12 J". 
Firstly— 

X cos J (a - A) = X cos 4° 28' 16J" = 9-9986763. 

X cos J (a + A) = X cos 37° 47' 3}" = 9-8978042. 

X cot J (^ + -B) = X cot 41° 25' 30" = 10-0543373. 

J C = 66° r 37 J". 

X cos J (^ + -B) = X cos 41° 25' 30" = 9*8749585. 
X cos J (^ - ^) = X cos 5° 5' 10" = 9-9982866. 
X tan J (a + i) = X tan 37° 47' 3|" = 9-8894377. 

J c = 30° 16' 3". 

[Only one solution.] 

Ana. — 

h= 33" 18' 47i", (7=110° 3' 14i", <? = 60° 32' 6". 

(5). a = 34° 30', A = 61° 29' 30", B = 24° 30' 30". 

h = 15° 30' 30J", or 164° 29' 29J". 

X COB J (a - A) = X cos 9° 29' 44|" = 9-9940081. 

X COB J (a + A) = X cos 25° 0' 15i" = 9-9572609. 

X cot J (^ + 5) = X cot 43° = 10-0303441. 

J C=49° 24' 29i". 

X cos J (^ + -5) = -2i cos 43° = 9-8641275. 

X cos i (^ - -B) = X cos 18° 29' 30" = 9-9769777. 
X tan J (a + A) = X tan 26° 0' 15J" = 9-6687563. 

i <j = 19° 46' 56". 

[Only one solution.] 

Am. — 

4= 15° 30' 30i", C=98° 48' 68J", c= 39° 33' 62". 

(6). a = 42° 15' 20", A = 36° 20' 20", B = 46° SC 40" ; 
therefore b = 65" 25' 2^", or 124° 34' 57J". 
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Firstly — take the value of b less than a right angle. 

Z cos i{a-b) = X cos 6° 34' SlJ" = 9-9971289. 
L cos J (a + b) = X cos 48° 50' llj" = 9-8183648. 
X cot J (J[ + -B) = X cot 41° 25' 30" = 10-0543373. 

J C=59° 41' 13f". 
X cos ^ (^ + ^) = X cos 41° 25' 30" = 9-8749585. 
X cos J (^ - J5) = X cos 5° 6' 10" = 9*9982866. 
X tan J («+*) = X tan 48° 60' 11 J" = 10-0583343. 

^ c = 40° 43' 43i". 

Secondly — take the value of b greater than a right angle. 

X cos ^ (a - i) = X cos 41° 9' 48}" = 9-8766992. 
X cos J (a + *) = X cos 83° 25' 8}" = 9-0592074. 

J C = 82° 20' 57J". 

X tan i (a + *) = X tan 83° 25' 8}" = 10-9379216. 
J c = 81° 17' 13J". 

Ans.—b=: 55 25' 2^", C= 119° 22' 27i"> ^= 81° 27' 26J"; 
or i= 124° 34' 57J", ^= 164° 41' 55", c= 162° 34' 27". 

(7). a = 69° 28' 27", A = 52° 50' 20", B = 66° V 20"; 
therefore A = 81° 15' 15", or 98° 44' 45". 

Firstly — ^take the value of b less than a right angle. 

X cos } (a - *) = X cos 10° 53' 24" = 9-9921078. 
X cos J (a + A) = X cos 70° 21' 51" = 95263918. 
X cot J (^ + -B) = X cot 59° 28' 50" = 97704854. 

JC=59° 51' 54". 

X cos i (^ + ^) = X cos 59° 28' 50" = 9-7067190. 
X cos i{A-Ji) = L cos 6° 38' 30" = 9-9970756. 
X tan i (a + *) = X tan 70° 21' 51" = 10-4475887. 

-J c = 55" 5' 261". 

Secondly— take the value of b greater than a right angle. 

X cos J (a - A) = X cos 19° 38' 9" = 9-9739306. 
X cos J (« + i) = X cos 79° 6' 36" = 9-2762872. 

i C=7i° 12' 29J". 
X tan J (a + *) = X tan 79° 6' 36" = 10-7158207. 

-J 6'= 69° 22' 43". 
Ans.—b = 81° 15' 15", 6'= 119° 43' 48", c = 110° 10' 60J". 
or b = 98° 44' 45", C = U2' 24' 50", c = 138' 45' 26". 
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70. Disciissioii of the A^mbignoiis Case. — Before 
entering upon the general discussion of the ambiguous 
case of spherical triangles, it will be necessary for the 
student to be familiar with the analogous ambiguity in 
piano, a complete discussion of which is generally given in 
works on Plane Trigonometry. 

The reasoning is somewhat more complex in the case of 
spherical triangles, as there are nine distinct cases to be 
considered, in any of which an ambiguity in the construc- 
tion of the triangle may present itself. It has been seen 
iu the examples of Arts. 68 and 69, that from the given 
parts two real solutions were obtained, from which we 
infer that there can be constructed two distinct triangles 
satisfying the given conditions. 

We shall now examine in detail the variety of cases 
which may arise when * two sides and the angle opposite one 
of them are given^ leaving the supplemental case * having 
given two angles and the side opposite one of them* to be 
reasoned out in an analogous manner. 

71. Let the given parts be denoted by A, a, b. 

The discussion resolves itself thus into three groups, 
each containing three separate oases : — 

Case I. — When A = ^ir and b is equal to, less than, or 
greater than ^ w ; 

Casb II. — When A <^w and b is equal to, less than, or 
greater than | w ; 

Casb III. — When A > ^ir and b is equal to, less than, 
or greater than 5 w ; 

K 



lao 
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the solution in any case being impossible, evanesoent, 
unique, ambiguous, or indeterminate, according to the 
value of a. 

72.20asb I. — A = i w. 

For the consideration of the three cases in Art. 71, take 
any great circle AC (fig. 29) equal to the given side S, 
and at right angles to the great circle ABX, 



A- \ 




Firstly. — Let J = i tt ; and with C as pole, and a radius 
equal to a, describe a circle. Now if a be less or greater 
than a quadrant, this circle being concentric with ABX^ 
the triangle is mpossihh. If a be a quadrant, the circles 
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are ooinoident, and the triangle is indeterminate with the 
given parts Ay a, by each quadrants. 

Secondly. — Let 6 < Jtt. With C as pole (fig. 29), and 
a radius a^ describe a circle. Since AC and A'C are un- 
equal, this circle may be situated relatively to ABX in 
five ways — (1) When the circumference falls wholly with- 
in ^5Z; (2) When it touches ^£X at ^ ; (3) When it 
cuts ABX in the points B and X ; (4) When it touches 
ABX at A'\ (5) When it falls without ABX. These 
different positions are drawn on fig. 29, where it will be 
seen that the points A and A' are diametrically opposite 
on ABX] also that B and X are equidistant from the 
points A and A'. 

The following results are therefore geometrically mani- 
fest : — 

If a < 6, the triangle is impossible : see circle 1. 

If a = 6, „ „ evanescent : „ 2. 

li a>b and < tt - 6, two identical solutions : „ 3. 

If a = TT - 6, the triangle is evanescent ; „ 4. 

If fl > TT - 6, „ „ impossible : „ 5. 

73. Thirdly. — Let 6 > | tt. Let A' be the vertex of the 
triangle to be constructed with the given parts, and let 
A'C = b. With C as pole, describe a circle of radius a 
which, as already explained, may assume any of the five 
positions (fig. 29), according to the magnitude of a. 

Hence — 

k2 
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the triangle is impossible : see circle 1. 

2. 



If a < TT - 6, 

If fl = TT - 6, „ „ evanescent : 

If fl > TT - 6 and < 6, two identical solutions : 
If fl5 = 6, the triangle is evanescent : 

lia>h, „ „ impossible : 

74. Case II. — A < i tt. 

Draw an arc -4(7 (fig. 30) equal to 6, and making the 
given angle A with the great circle BiB^Bz With C 



55 



55 



55 



55 



3. 
4. 
5. 




Fig. 30. 

as pole, and a radius a, describe a circle. The position of 
this circle, as in Case I., will depend entirely on the value 
of the side a ; and eight positions, with respect to BiBzE^j . . , 
are shown on fig, 30, Yiz.^ circles 0, 1, 2, &c. The circles 
numbered and 7 respectively have no point in common 
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with BiBiBs, . . . which we may regard as the base of the 
triangle under consideration. 

We shall discuss the different cases under the heading 
of this Article — firstly, when b = ^w; secondly, when b 
< ^ TT ; thirdly, when b > ^ir. 

Firstly. — Let 6 = i tt. Then (7, the vertex of the tri- 
angle, is the middle point of the arc AA\ and we have— ^ 

If a < A^ the triangle is impossible : see circle 0. 
If a = -4, „ „ unique : see circle 1. 

If a >-4and<6, „ „ ambiguous: see circle 2. 
If fl = 6 = i TT, „ „ evanescent : see circles 3 & 5. 
If a > 6, „ „ impossible : see circles 6 & 7. 

Secondly, — Let 6 < i tt. The following results are evi- 
dent from fig. 30 : — 

If sin a < sin 6 sin A^ the triangle is impossible. 

(See circles and 7.) 

If sin a = sin i sin ^, „ „ unique. 

(See circle 1.) 

If sin a > sin 6 sin A and a<by „ „ ambiguous. 

(See circle 2.) 

If a - 6, „ „ unique. 

(See circle 3.) 

If a>b, and < tt - ^, /^fill^>v' unique. 

(See circle 4.) ^^^Z^ ' '4 

If a = TT - 6, Qj /^'c^J- i »J evanescent. 

(See circle 6.) CH ";■ v"* - ^ , ^ r 

If a > TT - ft, ^^^: ^7»^' V'» impossible. 

(See circles 6 and 7.) ^^ "^ ^ 
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Thirdly.— Let 6 > i tt. Let A'C (fig. 30) be the given 
side b, and A^ the given angle (= A). 

Proceeding as before, we have — 

If sin e; < sin b sin A^ the triangle is impossible. 

(See circle 0.) 

If sin a = sin J sin -4, „ „ unique. 

(See circle 1.) 

If sina>sin6sin-4anda<7r-6, „ „ ambiguous. 

(See circle 2.) 

If a = TT - 6, „ „ unique. 

(See circle 3.) 

If a > TT - 6, and < 6, „ „ unique. 

(See circle 4.) 

If a = by „ „ evanescent. 

(See circle 5.) 

If a> b, „ „ impossible. 

(See circles 6 and 7.) 

75. In the previous Articles, the general cases of ambi- 
guity when A is equal to, or less than, a quadrant, and a 
and b any values between 0° and tt, have been discussed. 
The following additional cases are left as exercises for the 
reader when A is obtuse. 

Examples. 

1 . Given A> ^ir and ^ < J ir, the triangle is impossible ii a < b. 

2. In the same case the triangle is unique, when a lies between b and 
ir — b. 

3. Given ^ and b, as in Ex. 1, the triangle is ambiguous when a lies be- 
tween w - b and the greater value of sin-i (sini sin -4). 
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4. Given A obtuse and h acute, the triangle is impossible if a is greater 
than the greater value of sin-^ (ain & sin ^). 

6. Given A and b both obtuse, the triangle is impossible when a<b, 

6. Given A and b both obtuse ; find the limiting values of a giving rise 

to an ambiguity. 

Ana. a>b and < sin~^ (sin b sin A.) 

7. What values assigned to the given parts give rise to an indeterminate 
construction ? 

*8. If a, by e are each < ^ ir, the greater angle alone may exceed } ir. 
[Let a> b> e; then both cos b and cos > cos a, and therefore > cos e 
COB a, or cos a cos b ; therefore, &c.. Art. 26 (1).] 

*9. If a alone > } ir, ^ must exceed ^ ir. 

[Apply Art. 26(1).] 

♦10. If a and b are each > J », and e<^T; prove that — 

(1) the greatest angle {A) must be > } ir ; 

(2) 5'maybe>Jir; 

(3) C must be < J IT. 

[Proof as before.] 

*11. If cos a, cos by cos e are all negative ; then cos Ay cos By cos C are 
all necessarily negative. 

12. In a spherical triangle of the five products 

cos a cos A, COB b cos By cos c cos C, cos a cos b cose, — cos ^ cos ^ cos Cy 
one is negative, the other four being positive. — (Cottebill). 

[Apply Examples 8, 9, 10, 11.] 

76. The Subsidiary A.ngle. — It has been seen that, 
when two sides and the included angle of a triangle were 
given, the value of the third side was made to depend on 
the values ascertained for the base angles. It is likewise 
evident, in Cases V. and VI. of this Chapter, that the values 

* Educational Timety vol. xli., reprint, p. 89. 
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of two of the parts depended on the value or values deter- 
mined for the remaining part. An error in this latter 
will, consequently, cause an error in the values of parts 
found from it. 

By means of the subsidiary angle, each of the parts 
required are determined from the data in question in a 
manner independent of one another. 

(1) In Case III., Art. 62, c meij be found in terms of 
a, b, 0, from a formula adapted to logarithmic compu- 
tation: thug — 

cos c = cos a cos 6 + sin a sin b cos C 

= cos b (cos a + sin « tan b cos C). 

Let tan = tan b cos C, (1) 

Hence 

cos c = cos J (cos a + sin aj tan 0) = cos b cos (a- 0) sec ; 

cos J cos ,^. 

or = Tjr. (2) 

cos c cos (a-O) ^ ^ 

The subsidiary angle is found from (1), and c can there- 
fore be calculated from (2). 

Note. — It is evident, from (2), that 6 and a- 6 are the segments of a, 
made by the perpendicular to it from the opposite angle A, (Cf. Chap. lY., 
Ex. 11.) The solution of the triangle is thus shown to be equivalent to the 
solutions of these right-angled triangles. 

(2) In Case IV., Art. 67, C may be found directly from 
the given parts A, By c, in a form adapted to logarithmic 
computation: thus — 
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cos C = - cos -4 cos -B + sin -4 siii-B cos c 

= cos B (- cos A + sin -4 tan B cos c). 
Let cot = tan B cos c. 

Hence 
cos C= cos -B(- cos -4+ sin A cot 0) = oobB sin {A-d) cosec ; 

cos-B sin 19 ,, « « 

or 7^ = . , ^ — Tjr ; tnereiore, &c. 

cos (7 sin (-4 - tf) 

It is obvious that the subsidiary angle is in this case a 
segment of the angle A made by the perpendicular from 
A on the opposite side. (Cf. Chap IV., Ex. 17.) 

Examples. 

1. Having given a, 5, A, adapt the formula 

cot sin 3 = cot ^ sin (7 + COB d cos (7 

to logarithmiQ computation for the angle C. 

Arts, tan a : tan 3 = cos 9 : cos (C- 0.) 

2. What is the geometrical interpretation of in Ex. 1 ? 

[Cf. Art. 44 (2).] 

3. Given, as hefore, a, by A; show how to find in a logarithmic form. 

Ana, cos a : cos ^ = cos (e-d) : cos 0, where tan 6 = tan b cos A. 

[Art. 26 (1.)] 

4. Prove the result giyen in Ex. 3 geometrically. 

6. Having given A^ B^ a; construct geometrically the suhsidiary angles 
required — (1) to calculate C; (2) to calculate e. 

Ana, Draw a perpendicular from Cto e, and take — (1) the segment 
of C adjacent to a ; (2) the segment on e adjacent to a. 
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6. Having given a = 84* 30', 4 = 66' 46', C=73* 62'; calculate <? by 
means of the subsidiary angle. 

By aid of Art. 76, we have 

X tan e =3 X tan 3 + Z cos C- 10 

= 9-6274648; 

therefore e = 22° 68' 64". 

Again, X cos ^ = X cos 6 + X cos (a — $)-Z cos 6 

= 9-4631418 ; 

therefore e = 73° 30' 28". 

7. Having given a = 71* 36' 16", ft = 40° 33' 12", C= 103° 67' 20J"; 
calculate e by means d the subsidiary angle. 

As in Ex. 6, 

X tan supplement of 9 = 9*3146412 ; therefore e = 168° 20' 23". 

X cos tf = 8-9600666 ; therefore e = 84° 46'. 

8. Having given A = 64° 40', B = 76° 20', e = 40° 0' 4" ; calculate C 
by means of a subsidiary angle. 

By Art. 76, 

X cot = X tan B + Z coae - 10; 

therefore $ = 18° 61' 48". 

Again, X cos C = X cos 5 + X sin (-4 - 8) - X sin 8 

= 9-6609932; 

therefore C=62°44'. 

9. Having given A = 66° 68', B = 39° 26', e = 68° 48' ; calculate C by 
means of the subsidiary angle. 

Ant. e = 73° 26' 16", (7= 103° 12' 26". 
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[Thb following Examples have been taken chiefly from Uniyebsitt 
Calbndabs, Science and Art Examination Papers, and Mathematical 
Journals. They are arranged in sets, without any attempt at graduation. 
Answers are given in almost all cases, and hints to the solution are given 
where any difficulty is presented.] 
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I. 

1. Being giyen of a triangle the base and difference of base angles, and 
that the sum of its sides is 180°, constmct it. 

2. Prove the following formula for an equilateral triangle : — 

log sin — + log cos - + log 2 = 0. 

3. Find cos ar, in terms of a and b, from the equations 

cos a = cos cos x, 

cos 6 = cos ^ cos ar, 

cos (0 + ^) = cos a cos b, 

{Science and Art Hon.) 

4. Given the base, sum of sides, and one base angle ; find the other parts 

of the triangle. 

[Seienee and Art Hon.) 

5. If an angle of a triangle be equal to (or supplemental to) the opposite 
side, show that 

1 — sec' a - sec* b — sec* c + 2 sec a sec 3 sec i; = 0. 

6. Find the locus of the intersection of equal tangents to two small 
circles. 

7. If each leg of a tripod be inclined at an angle ^ to each of the other 
legs ; find the angle between a leg and the horizontal plane, the legs being 
supposed equal to each other. 

8. Given that tan x = tan a cos 3, 

and tan y = tan b cob a: 

show that sec (a; ± y) = sec sec 3 ± tan a tan b, 

{Science and Art. Hon.) 

9. Given a = 84" 30', b = 46° 10', C= 76° 46'; 
calculate A, B, and c. 

10. Given a = 86° 46' b = 74° 36', c = 63° 40' ; 
calculate A^ B, and C. 
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U. 

1 . Given the base ^ of a triangle, and that 

tan}atani* = ten»^; 

find a- b, fi being the bisector of the base. 

2. If C = -4 + J9, show that 

1 — cos fl — cos b + COB e = 0, 

3. It A denote one of the angles of an equilateral triangle, and A* an 
angle of its polar triangle, show that 

cos A cos A' = cos A + cos A', 

Explain the result when A = 60''. 

(Science and Art Exam, Fapers.) 

4. Express in terms of Cand 0, 

cos a cos B - cos b cos A 

sin a — sin b 

5. If four points A^ B, (7, 2) on a great circle be joined to a point F on 
the sphere, show that 

cot AB cot AFB 1 



cot AC cot AFC 1 
cot AD cot AFD 1 



= 0. 



6. Using the notation of Ex. 5, show that if cot AB, cot AC, cot AD 
are in Arithmetical Progression, cot AFB, cot AFC, cot AFD are also in 
Arithmetical Progression, and hence a harmonic row always subtends a har- 
monie pencil at any point on the sphere. 

7. The sum of the sides of a spherical polygon is less than 2 ir. 

8. Proye the following formula for the reduction of the parts of a sphe- 
rical triangle : — 

(sec a sin 3 cos ^ ~ sin c)' + (sec a cos 6 — cos «)* (1 — cosec' a sin^^) 

= tan' a cos' B cos' C. 

(Educational Times, yol. xxxyii. p. 69.) 

9. Giyen a = W 44', b = 36° 22', C= 66° 12'; 
calculate A, B and 0. 

10. Giyen, in a right-angled triangle, a = 86° ib',b^ 108° 20'; calculate 
A, By and c. 
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1. If two small circles on a sphere touch each other, show that the great 
circle joining their poles passes through their point of contact. 

2. Prove that 

. cos a sin 6 — sin <7 cos b cos C 

cos A = ; ; 

sm.e 

and hence 

2sin(a4 b)%m^\C 



cos -4 + COS ^ = 



sm c 

(Cf. p. 45, Ex. 1.) 



3. Show that the arcs joining the middle points of the sides of the colunar 
triangles of a given spherical triangle are equal to the corresponding angles 
of the chordal triangle. 

4. Show that a triangle can he constructed having sides 90° — a, 90° — /S, 
90° — 7, and angles 90 — J a, 90 — J i, 90 — J c, where a, i3, y are the 
arcs joining the middle points of the sides of a triangle whose sides are 
Uf bf c. 

6. Find the locus of the middle points of the sides of a triangle, having 
given the hase and the sum of the three angles. 

6. Show that 

2 sin'0 cot ZF= 0, 

where XT is the intercept made hy the hisectors of the angle A on the side 
a of a spherical triangle. 

7. Deduce the analogue in piano of Ex. 6. 

8. Having given the sides of a triangle, each = 60°; find the segments of 
the hisectors of the angles. 

9. In a right-angled triangle, heing given 

A = 47° 46', B = 63° 30'; 
calculate the sides. 

10. Given a = 76° 12', i = 63° 27', c = 62° 23'; 
calculate A, B, and C. 
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I¥. 

1 . Haying given the relation 

tan ^ a tan ib = tan^ ^ e ; 

show that 

1 — sin' c eos^ d 

cos fi = r-^ r-— , 

1 — Mil- c Sin- 6 

where fi is the bisector of the side 2c drawn from the opposite \e.Ux, ;...> . 

the angle it makes with that side. 

(Dublin Uuiv. Exam. Fajers.^ 

2. Show that the sum of the three arcs joining the middle points of the 
sides of the three colunar triangles of a given triangle is equal to two right 
angles. 

3. If »"^' 5 = 8"^' i + ^' ^» 
prove that C= A + B. 

4. Given the h3rpotenuse of a right-angled triangle ; prove that the differ- 
ence of the sides is a maximum when their sum is equal to a quadrant. 

5. Find the relation connecting the angles of a triangle if 

1 + cos + cos 6 + cos (; = 0. 

6. Prove that 

cos (B - C) _ tan \a- tan J i cos C— tan \c co^B 
cob {A - C) tan Ji — tan Ja cos C— tan | e co%A' 

7. The great circle through the poles of two small circles is perpendicular 
to the great circle through their points of intersection. 

8. If a and a are the segments of the bisector of the side a of a triangle, 
show that 

sin o , a 

, = 2C08- . 

sin a 2 

9. Given A = 68° 16', B = 41° 28', e = 76° 64' ; 
calculate a, 6, and C, 

10. Given a = 47° 46', e = 69° 30', C= 90° ; 
lalculatc -ri, Bf and //. 
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¥. 

1. If a, 6, ^, <2 be the sides of a spherical quadrilateral, 5 and 8' its diago- 
nals, and if a and c, h and <f, Z and ti intersect at angles 0, ^, ^, respec- 
tiyely, show that 

8inasinrco6 0-t-8in^8inifoos^ + sin<sin8'co6 4' = O. 

2. Find the locus of a point P, whose distances from three fixed points 
Af B, C axe connected by the relation 

COB AF + cos BF + cos C!P = const 

3. If a, a ; /S, fi'; y, y', be the segments of the perpendiculan to the 
sides of a spheric^ triangle drawn from the opposite yertices, show that 

tan a tan a = tan fi tan fi' = tan y tan y. 

4. Using the notation of Ex. 3, show that 

C06(a + a) _ cOBJfi + fi') c os {y + y') 
cos a cos o' ~ cos i3 cos ;8' cos 7 cos 7'' 

5. Simplify the expression 

cos ^ cot a + COB J9 cot 6 
cot a cot b — cos A cos B' 

6. If the bisectors of the angles of a triangle meet at 0, show that the 
angle AOB is supplemental to the angle COD, where OJ) is a perpendicular 
from on BC. 

7. Using the notation of Ex. 6, show that — 

(1) tan ^0 cos ^^C= tan ^0 cos COA = tan CO cos AOB ; 

(2) wiBOC : sin COA : sin^O^ = cos ^^ : cos J^ : cos | a 

8. The angle in a semicircle is a right angle; what is the analogous 
theorem on the sphere P 

9. Given « = 86^ 16', ft = eS'* 24', C7=76» 12'; 
calculate A, B, and c, 

10. In a right-angled triangle, given c = 48° 46', and A = 21° 27'; 
calculate a, Z/, and b. 
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¥1. 

1. Two places are situated on the same parallel of latitude X ; find the 
difPerence of the distances sailed over by two ships passing between them, 
one keeping to the great circle course, the other to the parallel; the difference 
of longitude of the places being 21. 

2. Having given the base c of a spherical triangle, and the ratio sin } a : 
sin i b, find the locus of the vertex. 

3. If a, iS, 7 be the sides of the triangle formed by joining the middle 
points of the sides bfC; e^ a; a,b, respectively, of a given triangle, show 
that 

. a ' ^ * * 

Sin a : sm j3 : sin 7 : : eosec - : cosec - : cosec -. 

^ Z 2 

4. Using the notation of the preceding Example, show that 

tan a sin a = tan /3 sin & = tan 7 sin 0. 

5. If the sides of a spherical triangle be each 60** ; show that the circles 
described, each having a vertex for pole, and passing through the middle 
points of the sides which meet at it, haye the sides of the supplemental 
triangle for common tangents. 

6. If the bisectors of the angles of a triangle meet at ; show that 

sin BOC sin COA sin AOB • » . 

— ; — -r;r : — : — -zttt : —. — zr^r- = Sin a : Sin ft : Sin c. 
sin^O sin^O fxm CO 

7. Using the notation of Ex. 6 ; show that 

' » A^ ••,».. ' * r^rx sin (« - a) sin (« - ft) sin (« - 0) 

sin^^O : sin» BO : sin» CO - — r^ ' : — . ^ ' : — ^ i. 

sin a sm ft sm 

8. If the base of a triangle be divided into four equal parts, which sub- 
tend angles $i, 02, 9^, 04 at the vertex ; show that 

s in {01 + $2) _ sin 9i sin 03 
sin (03 -I- 04) ~ sin 02 sin 04* 

9. Given A = 86'' 44', B = 68' 32', c = 79° 40'; 
calculate a, ft, and C. 

10. Given A = 46° 46', c = 76° 40', (7= 90° ; 
calculate rr, ft, and B. 

L 



/- 
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1 . If a great circle cuts a fixed great circle at a constant angle u, find the 
locus of its pole. 

2. Show from Ex. 1, Paper v., tliat the perpendiculars of a spherical 
triangle are concurrent. 

3. Given three fixed points^, B, C; find the locus of a fourth point I* 
on the sphere, such that 

I cos AP + m cos BF + n cos CP = const., 

where /, m, n are given quantities. 

4. If iS be the bisector of the base coio. triangle, show that 

. ^ Vsin^ a + sin* i + 2 sin a sin i cos C 

em i3 = r '. 

2 cos ^ <; 

5. Deduce the corresponding equation for a plane triangle. 

6. A spherical quadrilateral is circumscribed to a small circle ; show that 
the sum of one pair of opposite sides is equal to the sum of the other pair. 

7. In a spherical triangle, prove that — 

(1) If three sides are acute, two angles are acute ; 

(2) If one side is acute and one side is not acute, one angle is obtuse 

and two are acute ; 

(3) If two sides are obtuse and one acute, one angle is obtuse ; 

(4) If two sides are obtuse and the other is not acute, all the angles 

are obtuse. 

(Educational Times.) 

8. Prove the relations — 

(1) cos2J« = cosH(a-*)cos«J(7+co82J(a + *)sin2JC; 

(2) sin2 Jc = fiin»J(a-*) cos» J C + sin* J (a + *) sin' J C. 

9. Given a = 68* 16', b = 63" 24', C = 86** 40' ; 
calculate A^ B, and c. 

10. Given a = 38° 40' e = 73° 30', C= 90° ; 
calculate A, B, and h. 
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¥111. 

1. From a point P on a smaU circle, in which is inscribed an equilateral 
triangle ABC, arcs of great circles I'A, PB, PC are drawn ; prove that 

sin J -4P+ sin i J9P= sin ^ CF, 

and give the corresponding property in piano, 

2. Prove LegendreU Theor&m from the formula 

sin^sin>-«) 
Sin 6 Sin 

3. Prove Legendre'9 Theorem from each of the formulae for sin J ^ and 
tan \Ay respectively, in terms of the sides. 

4. Deduce the area of a plane triangle, in terms of the base and base 
angles, from the formulas 

. , a -cos/S^cos(iS'--4) 

6. From the rule of sines, p. 37, find the area of a plane triangle in terms 
of the base and base angles. 

6. Prove directly, employing the solution on p. 36, that 

tan2 f - tan* ~ , 

2 2 be 

— -T = 3^, nearly, 

7. If A and A, j? and P', C and C, denote the pairs of opposite angles 
of a complete quadrilateral, prove the relation 

cos B cosB' ^coa G cos C = sin A sin A' cos AA'. 

8. Using the notation of Ex. 7, show that for a plane quadrilateral- 

Co) cos P cos P' '-' cos C cos C" = sin u4 sin A' ; 
(0) onA am A' - sinP sinP' = sin Csin C\ 

9. Given a = 87* 27', * = 63° 19', c = 74° 40' : 
calculate A, P, and C. 

10. Given a = 38° 50', P = 47' 44', 6'= 90'; 
calculate A, b, and c. 

l2 
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1. If ^ and A\ B and B\ (7 and C\ denote the pain of opposite angles 

of a quadrilateral, and 8i, 82, Ss, the diagonals, prove that the {algebraie) 

sum 

sin A sin A' cos 81 + sin ^ sin B' cos 82 -f sin C sin C" cos 5s »= 0. 

2. If two diagonals of a spherical quadiilateral are each quadrants, the 

third diagonal is also a quadrant. 

(Duh. Univ, Exam, Fapirs.) 

3. The intersections of the corresponding sides of a triangle and its polar 
triangle lie on a great circle. 

4. Prove generally that if three great circles be drawn from the vertices 
of a triangle ABC through any point 0, intersecting the opposite sides of 
the triangle respectively at angles 0, ^, ^'i 

sin sin AO cos + sin 6 sin BO cos ^ + sin c sin CO cos ^ = 0. 

5. In a plane triangle ABC three right lines AP^ BF, CF are drawn, 
cutting the opposite sides respectively in JC, T, Z; show that 

aAFcosX-i- bBPcoB Y+eCPcoBZ=0. 

G. Using the notation of Ex. 4 for an equilateral spherical triangle, show 

that 

sin AO cos + sin BO cos <p + an CO cos ^ = 0. 

7. If 4> denote the perpendicular from the angled on the opposite side a, 
and fi and y the segments of the base made by it, prove the relation 

ern^p cos i3 cos 7 - sin^ sin (fi + y) cot ^ - sin /S sin 7 = ; 

and hence show that of all spherical triangles described on the same base, 
and having equal altitudes, the vertical angle is a maximum when the tri- 
angle is isosceles — (W. Nicolls). 

8. If a, bj Cf d be the sides of a cyclic spherical quadrilateral, S, one of 
the diagonals, is given by the equation 

' 2\ X - (s^^ ^ g sin ^ d + sin^ ^ sin \ e) (sin J a sin ^e-\- sin^^sin^rf) 

smjasin^d + sinjcsinja 

9. Given A = 69° 56', B = 46° 36', e = 76° 28" ; 
calculate a, b, and C. 

10. Given a = 45^ 30', B = 63° 45', C = 90° ; 

calculate A^ h, and r. 
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1. Giyen ^ + a, B + b, and G + e; solve the triangle. 

(Dub. Univ. Exam. Fapert.) 

2. If be the mid-point of an equilateral triangle ABCj and F any 
point on the surface of the sphere, show that 

(tan PO tan AO)^ (cos AF + cos BF -f cos CF)- 
= 4 [cos» AF + cos' ^P + cos* OF- cos ^Pcos CP- cos CFcoeAF 

- cos ^P COS BF], 

3. The perpendiculars of a triangle are concurrent ; hence show from the 
supplemental figure that if two diagonals of a quadrilateral are quadrants, 
the third is also a quadrant. 

4. Using the notation of Ex. 2, and each side of the triangle being a 
quadrant, show that 

cos AF + 008 J9P + cos CF = Vs'cos OF. 

6. Construct a triangle right-angled at (7, being giyen th£ angle A and 
the sum or difference of the sides which contain it. 

6. Given the base of a spherical triangle, and the length of the arc joining 
the middle points of the sides ; find the locus of the vertex. 

7. If the angle ^ of a right-angled triangle be given, show that the 
difference of the sides which contain it is a maximum when their sum is a 
quadrant. 

8. Given the base of a triangle, and the locus of the vertex a great circle ; 
construct the triangle, having a mATifmim or minimum sum of sides. 

9. Given a = 64* 30', b = 48* 12', C = 90^ 
calculate the remaining parts. 

10. Solve the triangle when 

a = 66* 48', b = 42* 26', C = 83^ 12'. 
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1. Find the locus of a point P, such that 

sin PX + sin Fr= const., 
where FX and FT are secondaries to two given great circles. 

2. Find the locus of a point F, such that 

/sin FX ± fwsinPF, = const., 

where FX and FT are secondaries to two given great circles and I and m 
constants. 

3. Find the locus of a point P, such that 

(o) sin FX + sin FT + sin FZ = const. ; 
(fi) lanFX ± memFTt ii8inPZ= const., 

where X, F, Z are the feet of the perpendiculars from P on the sides of a 
spherical triangle. 

4. In a right-angled triangle proye that — 

(a) The tangents of the segments of the hypotenuse made hj the per- 
pendicular from the right angle, and the sine of the perpen- 
dicular are in geometrical progression. 

{fi) The tangents of the hypotenuse, either side, and the adjacent seg- 
ment of the hypotenuse made by the perpendicular, are also in 
geometrical progression. 

5. Construct a right-angled triangle, having given the hypotenuse, and the 
locus of the vertex a given great circle. 

6. Having given the base and the sum of the sides, show that the product 
of the sines of the perpendiculars from the extremities of the base on the 
bisector of the external vertical angle is constant. 

7. Having given the base and the difference of the sides, show that the 
product of the sines of the perpendiculars from the extremities of the base 
on the bisector of the internal vertical angle is constant. 

8. It pi and p2 denote the perpendiculars from the base angles on the 
bisector of the external vertical angle, and p3 and pi those on the bisector 
of the internal vertical angle, prove the relation 

sin j9i sin /)) + sin p^ sm pi = ana an b, 

9. Solve the triangle, having given A = 29** 33', P= 87' 21', and C= 90». 

10. Having given a = 62° 66', b = 39° 28', C = 76° 18', solve the triangle. 

* This Paper and part of the preceding were communicated to us by 
Dr. Traill, F.T.C.D. 
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1. If iS be the bisector of the base AB of a triangle ABCy and if i3' be 
the bisector of the base BA' of the colunar BCA\ show that 

(a) sin' fi cos* - - sin* fi' sin* - = sin a ain * cos C ; 

(P) sin* i3 cos* ^ + sin* fi' sin* ^ = J (sin* a + sin* b). 

2. Show that if^=^ + J9+(7-ir, then 

sin J^sin(^- JJS)sin(5-i-&) 8in(C- \E)=IP, 

3. Show that 

J c _ tan*J a - 2 tan J a tan J J cos C + tan* J4 
^ 2 ~ iT2 tWjotan J d'cosC' + tan^ J a tan* p' 

4. Show that 

^ ^ « sin (5 - C) ^ 

2 tan — ; — ^ = 0. 

2 sin ^ sin C7 

6. If the base ^J9 of a triangle be divided into segments a and fi bj an 
arc drawn from the vertex (7, show that 

(a) cos sin = COB a sin a + cos & sin fi. 

If be the bisector of the vertical angle, show that 

/«\ /. Bin(« + *) 

0) COStf= . ^ r-^r -. 

sin a COS a + sin 6 COS i3 

6. If the internal bisector of the angle C of a triangle meets the oppositer 
side at an angle 0, and divides it into segments a and /3 adjoining the angles 
A and B^ respectivelyi and if the external bisector of C makes an angle 
with the opposite side, show that 

„ , . . ^ sin a sin ^ sin* e 

(1) sina8miB= T-^ — . . o » . o ~ ^~I 5 

sin' a + sm* 6 + 2 sin a sin d oos e 

sin h C 

12) an$ = — r^ — V sin* a + sin* A + 2 sin « sin * cos c ; 

Bine 

(«J) cos COS = ^ — — . 

2 sin 6 



* The greater part of this Paper was communicated to us by Mr. W. S. 
M'Cay, F.T.C.D. 
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7. Bebg given the angle ^ of a right-angled trianglei show that when 
c — h\s9, maximum, 

cos ^ = cos' a. 

8. Given A = 66° 68', fi = 39» 26', e = 68° 48' ; 
calculate the remaining parts. 

9. Given A = 64° 40', B = 76° 20', C= 62° 44' 
solve the triangle. 

10. Given a = 84° 30', h = 66° 46', C= 73° 62' ; 
calculate the remaining parts. 

11. Given a = 40° 46', A = 61° 60', (7= 90°; 
solve the triangle. 

12. Given a = 61° 20', A = 62° 12', C= 90° ; 
solve the triangle. 

13. Given A = 81° 64', B = 67' 12', e = 87** 42' ; 
solve the triangle. 

14. Given A = 67'* 37', B = 39° 19', e = 84° 46' ; 
solve the triangle. 

16. Given A = 63° 40', B = 87° 10', C= 69° 46' ; 

solve the triangle. 
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I. 

1. The sum of the base angles is given by Art. 24. 

2. Applj fonnnla for sin } ^ (Art. 33). 

3. :r is the perpendicular from the yertez on the hypotenuse of a right- 
angled triangle, the sides of which are a and by and the hypotenuse + ^ ; 
hence 

sin a sin 3 ^^ ,.«-•«-. 

vai.»= -T— rr r. [Page 60, Ex. 2. J 

4. The remaining parts may be determined by aid of Napier^ s Analogies^ 
or geometrically from fig. 22, p. 70. 

5. Suppose a = A; then, from Art. 26, 

seca = sec&sec0 — tan b tan e ; 
and therefore 

tan* b tan' c = (sec a — sec 3 sec «)' ; 

therefore, &c. 

6. A great circle perpendicular to that through the poles of the small 
circles, and dividing it so that the ratio of the cosines of its segments is 
equal to the ratio of the cosines of radii of the small circles — in other 
words, the great circle through the intersections of the small circles. 

7. If be the inclination to the horizon, 

2 . ^ 
cos tf = — z sin ^. 
V3 2 

8. X and y kre the segments of the base of a triangle made by the perpen- 
dicular from the vertex, the sides a and b being equal to the opposite angles ; 
therefore, &c. 

9. ^ = 96'' 66' 17-87", ^ = 46" T 16-53", c=75'' 66' 27". 
10. ^ = 94* 3' 60-28", ^ = 74° 23' 46-16", (7= 63" 33' 42-48". 
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/ 



I. We hay e 



nee 



U. 

1 - tan ^ g tan ^ & _ 1 - tan» jS 
l + tanJatani*~H-tan'^iB' 

cosJ(a + *) COB a + cos i /a_x ^o\ 

^ =co8iB = — ;r r ; (Art. 42.) 



cos } (a - ^} 2 COS \ e 

I therefore cos' ^(a~ b) = cos \ c. 

\. Use Delambre^t Analogies, See also p. 75, £x. 29. 

I. See p. 33, Ex. 8. 

k Substitute for cos^ and cos J9 in terms of the sides, and the expression 
uces to 

cos C + cos 
sin c 

5. Apply the formulae of Art. 37 to the triangles APB, APC, AFB, 
und eliminate sin A and cos A. 

6. This appears at once from the determinant of Ex. 6. 

7. See Art. 19 (1). 

8. (sec a sin ^ cos ^ - sin 0)' + (sec a cos i — cos e)^ (1 — cosec' a sin' A) 

(sind 008^ — cosa sin^X t /cosd - cos a cos c\ • / 8in'-4\ 
cos a / \ cos a / \ sin"^ a ) 

(sindsint^cos^ — co8asin*0\3 /sin' c sin' a cos' ^\ / sin'^X 
cos sin / \ cos' a J \ sin' a } 

/cos a - cos * cos C - cos « sin' C\'.. - in/-^ - ^r,\ 

= ( — 1 -f tan' a cos'iB (sin- c - sin' C) 

\ cos a sm c / 

cos' e (cos a cos <? - cos i)' ^ . - ^ . . • . o ^,v 

= ^— r-7 i + tan'a cos»J9 (srn'tf - sin'C) 

sm^ c cos' a 

= cos' c tan' a cos' ^ + tan' a cos'^ (sin'c - sin' C) . 

= tan' a cos' B cos' C. 

9. -4 = 107*36' 9-4", ^= 36° 17' 20-6", «= 66° 21' 30". 
10 A= 86° 64' 62-7", B = 108° 18' 20-9", e » 101° 1' 18-6". 



' 
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1. The great circle is the shortest distance between the poles. See 
Art. 3. 

2. In the value of cos ^ [p. 30 (2)] substitute the value of cos ^ [p. 30 (1)], 
and reduce. 

3. By £z. 14, p. 11, the radii of the sphere drawn to the middle points of 
the sides of a colunar are [parallel to the sides of the chordal triangle ; and 
hence the angle between them, which is the arc joining the middle points 
of the sides of the colunar, is equal to the corresponding angle of the 
chordal triangle. 

4. See p. 67, £z. 4. 

5. The locus is the circle ZM, fig. 10, p. 21. 

6. This follows fit>m the value of cot XY given, p. 66, Ex. 6. 

7. See Casey's "Sequel to Euclid," sec. viii. Ex. 17 — 

a* ^2 «* . 

+ + = 0. 



XY XT X"Y" 

8. If a and a are the segments, we have 

J_ 
cos (a + o') = ~jF, and sin o = V3 sin o' ; 

therefore, &c. 

9. a = 4V 17' 48", * = 62« 66' 47-6", e= 63° 4' 17". 
10. A s= 91** 24' 19-6", B = 67** 39' 46*8", (7= 64** 69' 22-26". 
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IV. 



1 . Using the giyen relation, we haye 



= 006 0. 



l-tan^gtan^& l- tan^ j e cos j {a + b) 

1 +tan^ a tan J * " 1 4 tan* J <? * ' * cos J (« - *) 

Again (Art. 42), 

^ cos a + cos * ... . . 

cos iS = = 008* *(«-*); 

2C08C ' 

and 

cos - cos cos /3 cos a — cos 6 sin ^ (a — 6) sin }^ (a + 6) 

cos = : ; — = -— : ; — - = ■ — : : — . 

smesuxfi 2 8m08ini3 smeanfi 

Substituting, we get the required result. 

2. See Ex. 3, Paper III. 

3. This follows at once from £zs. 8 and 9, Art. 33. See also Ex. 29, 
p. 76. 

4. For 2 cos = 2 cos a cos & = cos (a + &) + cos (a — 6) ; 

therefore 

cos (a - 6) = 2 COS ~ cos (a 4- &) ; 

therefore, &c. 

5. See Ex. 29, p. 75. 

6. Substitute for tan } a, tan ^ b, tan ^e , from Ex. 27, p. 74. 

7. Proof as in piano. 

8. If 9 and ^ be the segments of the angle By made by the bisector 
of the side &, we have 

8ina:sina' = Bin9sin0:8in^Bin^a. But 8in9:8in0 = sin0:8in(;. 
(Ex. 6, p. 38) ; therefore, &o. 

9. a = 68» 33' 37-48", * = 41" 47' 39-62", C- 104M8' 3-68". 

10. J = .32M2' :iG-7", 5 = 6oMl'37-2", *= ob^ 36' 37-8". 
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1. Cf. Examples 24 and 25, pp. 73, 74. 

2. cos AP + cos BP = 2 cos } c cos /3, where 3 is the arc jaming P to 
the middle point oi AB, But 

2 cos * C = -: 

' sina 
(Ex. 8, Paper IV.) Hence 

sin a cos iS + sia a cos (7P = const. = sin (a + a') cos OP, 

[See Art. 40, p. 58.] 

where is the intersection of the bisectors of the sides of ABC. Hence 
OP is constant, and therefore the locus is a circle, having for pole. 

3. Apply formula (2), Art. 44. 

4. This follows at once from Ex. 3. 

5. Reduces to tan c, 

6. Proof as in piano, 

7. By aid of Ex. 6 and Art. 44. 

8. C=A-\-B. 

9. ^ = 91° 55' 57-3, B = 63° 43' 41-3", e = 76° 33' 8". 
10. a = 15° 56' 30", b = 46° 42' 12*4", B = 75° 28' 35". 
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VI, 

1. If 29 be the arc of the great circle joining the two pUcee, r sintf 
= r' sin 2 e half chord of arc, r\ being the radius of the parallel of latitude, 
is equal to r cos A, where r is the radius of the earth. Hence great circle 
course >= 2r9 = 2r sin'^ (cos A sin Q ; but the parallel course - 2r7 
= 2 W cos X. Hence difference = 2 r [/ cos X - sin'^ (cos X sin /)]. 

2. sin } a : sin } & as the chords of the sides a and h. Hence we are given 
the base and the ratio of the sides of the chordal triangle, and the locus of 
its vertex is therefore a sphere, and hence (Art. 10) the locus of the vdttex 
of the tpkerieal triangle is a circle. 

3. In fig. 14, p. 21, the arc YZ= a. Hence 

sin a sin XYZ= sin ^, since ZE = 90**; 
but 

sin ^ cos ^ = sin ^ a sin X, and sin JC : sin 1^= sin ^ 6 : sin } a. 

Hence 

sini* J. Ml .« sinia 

sin a = 1— ; and similarly sin /S = =r- J 

cos i^ cos ^ 

therefore, &c. 

4. With the preceding Example use Ex. 4, p. 67. 

6. If the sides CA and CB be produced to meet the circles again in X 
and r, CX=CY= 90* ; .-. C is the pole of XY; therefore, &c. 

6. See Ex. 6, Paper V. 

8. Use the relations given in Examples 1 and 2, p. 37. 

9. fl = 81" 46' 6-7", b = 67° 43' 43*76", C = 82« 66' 4-4". 
10. a = 44° 63' 9-4", b = 69° 32' 66", B = 76° 16' 22 '. 
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vn. 

1. A small circle having the same poles as the fixed circle, and a spherical 
radius equal to «. 

2. Apply the relation of Paper V. Ex. 1, to a quadrilateral AJBCPj 
where F is inside the triangle P; and it follows that if the angle between 
AP and BC is right, and also that between BF and AC, then the angle 
between CF and AB will be right also. 

3. See Ex. 2, Paper V., and apply the theorem of Art. 40. 

4. Reduces to the expression of Art. 42. 

6. 2/8 = Va^ + ft* + 2 a* cos C; 

or the corresponding equation, Ex. 14, p. 52. 

6. Proof as in piano, 

7. Let a, &, c, and therefore A, j9, C, be in descending order of mag:ni- 
tude; then 

tan J (^ + -») = ^^^4-r^ cotJC; 
^ ^ ' cos i (fl + *) ^ ' 

and as cos^{a — b) and cos } C7 are essentially positive, ton ^{A -k- JB) and 
cos i (a + ^) have the same sign ; therefore, &c. 

8. These relations are easily deduced from Napier's Analogies. 

9. ^ = 74"* 2' 63-1", B = 66"* 11' 64-9", e = 74* 41' 4". 
10. A = 40° 39' 50-5", B = 76' 17' 19-6", b = 68"* 40' 9-2". 



\ 



n 
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YIII. 

1. By aid of the property, Ex. 6, p. 28, 

Bin } a sin } AP + sin } a sin ^ BF = sin ^ a sin ^ CF, 

m 

where a is the side of the equilateral triangle ; therefore, &c. 

2. Expanding the terms on the right-hand side of the equation, and 
neglecting the powers of the radius higher than the second ; remembering 
also that 

; = (1 - «)"^ = 1 -i ti nearly ; 

1 — « 

if n be very small compared with unity. 

Hence co6»i^ = -L_Z [^i ^—J- J 



,.j^u-i^j^y^i^: 






Again, let \A = J -4' + tf ; then cos* J -4 = cos* J ^' - tf sin -4' nearly ; 
hence 

but 2 9 is the difference between A and^'; therefore, &c. 

(Cf. pp. 34, 36.) 

3. The method in either case is similar to that given in the preceding 
Example. See also pp. 34, 36. 

4. Squaring the expression for sin } a, given in Art. 33, and dividing 
by the product of the analogous expressions for sin J 6 and sin J tf, 
since cos (S - A), coe {8 - £), gob {S — C) become inplanot respectively, 
sin Af onBf an C, we get, 

a^ sin' A 

e smB anC 

„ a-ainBamC . . , , 

Hence . , - — -7- = be sin A = 2a. 

Hin {B-\-C) 

b. See Ex. 1. 
G. See Ex. '6. 

M 
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7. Draw the required fig^ure, and join AA'. Denote the angles BA.A.' 
and JBA'Aj respectively, by x and a/, Then we have — 

(1) cos B = - cos X cos d/ + sin:c sin a;' cos AA' ; 

(2) cos 5' = -cos(^-ic)cos(-4'-a;')+sin(^-a;)8in(-4'-a:')cos-^-4'; 

(3) cos C = cos^ cos (A' — a;') + sin a; sin (A' - x') cos AA'\ 

(4) cos C = cos x' cos (-4 - a;) + sin «' sin (-4 - x) cos AA'. 

!Multiply equations (1) and (2), and subtract from the result the product of 
equations (3) and (4) ; therefore, &c. 

8. (a) follows at once from Ex. 7. (i3) We have 

2 (cos ^ cos ^ — cos C cos C) = 2 sin ^ sin ^' ; therefore, &c. 

9. ^ = 94° 66' 36-6", 5 = 63° 0' 24*6", C=74° 6' 20-6". 
10. A = 64° 47' 63-6", b = 34° 36' 11", c = 50' 7' 13-2". 



1. By aid of Paper viii. Ex. 7, we obtain 

:S (sin A sin A' cos 8i) = 2 (cos B cos B' - cos C cos C") s 0. 

2. It is evident, in the preceding Example, that if 8i and $2 are quadrants, 
each term in that equation vanishes. Hence cos 83 = ; therefore, &c. 

3. The great circle on which they lie is the polar of the intersection of 
the perpendiculars of the triangle. (See Note, p. 23.) 

4. This follows from Paper Y. Ex. 1. See also the preceding solution, 
Ex. 3. 

5. An obvious particular case of the preceding Example, and which may 
be verified directly as follows : — Draw perpendiculars from A and F to the 
base BCy the distance between their feet is AF cos X ; then 

2 a^PcosZ = 2 5 (BF^ - CF^) - 2 5(ft»-c*) ; 

i.e. aAFcosX+ bBF COB Y+eCF cos Z= 0. 

« 

6. In Ex. 4, let a = b = e; therefore, &c. 

7. The left-hand side of the equation reduces to 

cos « — cos i3 cos 7 cos*^ — sin J sin c cos A ; since j8 + 7 = a, 
and sin If sin c sin A = sin a sin p. 
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Again, cos a — an b tine cos A = cos b cos e. 

Hence the given expression becomes 

cos b cos e — cos fi cos y coei^p, or cos /3 cos 7 cosrp - cos /3 cos y cos' ;?. 

[Art. 44 (1).] 

^ . cos a — cos )3 cos 7 cos' » 

Again, cot A = : — -. 

sm a sin p 

Now ^ is a maximum when cot ^ is a minimum \ i.e, when cos iS cos 7 is 
a maximum; but 

2 cos iS cos 7 = cos (/3 + 7) + cos (/8 — 7) = cos a + cos (i3 — 7). 

From this result it follows that the vertical angle is a maximum when the 
perpendicular from it on the base bisects the base ; therefore, &c. 

[Cf. Townbrnd's Mod, Oeom., vol. i., Ex. 7, p. 47.] 

8. For sin } a, sin } 6, &c., substitute the chords of the arcs a, b, &c., to 
which they are proportional, and the expression reduces to that which gives 
a diagonal of a plane cyclic quadrilateral in terms of its sides. 

[See Todhuntek's Plane Trig.j Art. 264.] 

9. a =66' 19' 44-17", ft = 46° 6' 32-76", C=94"* 21' 40-3". 

10. A = 61° 3' 4-2", b = 66" 20' 23-36", e = 66« 30' 30-6". 



I.* ^ + a = o, 5 + ft»i8, (7+c = 7, A-a=By B-b=^^, C-<j = ^; 

smA _^%mB _%mC ^ tan J 6 __ tan J ^ _ tan J i^ 
sin a sin ft sin ' ' ' tan \ a tan ^ /3 tan J 7 ' 

cosH^-H^) _ sin ^ (7 _ cos ^ (t- C) , /r.„„N 

but T—. 77 = r — = -^ ; (Itatjss.) 

cos ^ (a -f ft) cos ^ c cos J c 

therefore 

tan } (6 + ^) tan i (/8 + o) = tan J (t - 7) tan i (x - i^). (2) 

Again, 

i\n\{A-B) _ cos ^(7 _ %m\ {ir-C) ^ ^ tan j (g - 0) _ tani(ir-7) 
sin J (« - ft) sin J c sin J c ' ' ' tan i (o - jS) tun i (ir-if/)* 

* We are indebted to Mr. T. A. Finch for the first solution we give of 
this question ; and to Mr. Robert Russell for an independent method. 
Mr. Russell remarks that the equations used by him to solve the triangle 
are likewise applicable to the more general problem — "Given any three of 
the six quantities A ±a, B ±b^ C ±c; solve the triangle." 
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(2) and (3) multiplied together giye the ratio cos ^ 9 : cos ^ ^, and from (1 ) 
we have the ratio tan \ $ : tan } p ; and hence $, ^, 4^ '''^ known ; there- 
fore, &c. 

Cor, — Giyen A - a, B — b, and C— e; find the remaimng parts. 

Otherwise thus : — 

sin ^ sin^ sin C sin^ + sina 

-: = -: — r = -: — ; therefore -: — -z : — =...= .,- 

sin a sin b sin e sin^ —sin a 

Hence tan^M-hfl) _ tan j (2? + ^) _ 

tanJ(^-«) tanj(ir-*) **" 

Let cot |(^ + a) = i sin X, 

and cot J (^ - 0) = i sin a?, where » = ^ — 1. 

sin X sin F sin Z 



Hence 



sin;? amy sin 2 



from which the question reduces to — Haying giyen the three angles X, Y, Z 
of a spherical triangle ; find the sides.* 

^m X. MX. cosZ + cosFcoeZ 

We have thus — cos« = ; — -— -: — ; 

sui FsinZ 

or>^ l(J a\- coBeciM-fg) + co8eci(i? + ^)co8ect((7->-c . 
or coseci(^-a)- _ cot i(i^ + A) cot i((7+ c) ' 

'^ ' 8inJ(^ + «) + 8inJ(5 + *)8inJ((7+^)* 

2. Let AO = BO=CO = R, and let FO = 8, and the angle FOC=e. 
Then we have — 

cos AP= cosJ^oosS + sinJ^sinScos (120 - 9), (1) 

co8J?P = cosJ2coB8 + 8mJ2sin8cos (120 + 9). (2) 

cos CP = cos i? cos 8 + sin 72 sin 8 cos 0. (3) 

Hence, hy addition, 

cos AP + cos BP + cos CP = 3 cos R cos 8. (4) 

* Mr. Robert Russell, Quarterly Journal of Mathematics^ vol. xx. 
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Multiply (2) by ta and (3) by «', where w' = 1, and add ; then 

cos AP + (o cos BP + (»2 cos CP 

= sin 12 sin 5 {cos (120 - a) + « cos (120 + a) + w* cos B) . (6) 

Similarly, 

cos AP + w' cos JP + « cos CP 

= sin Ji sin 8 {cos (120 - a) + w* cos (120 + 6) + « cos B), (6) 
Multiplying equations (5) and (6), we have, on reduction, 

co8«^P+cos2-BP4 cos^CP-cos-BPcosCP- . . . =tsin«i?sin2 8; 
or by the aid of (4) = i (cos AP + cos -BP + cos CP)* tan* R tan* 8. 

Note. — To simplify the right-hand side of the product of (5) and (6), 
throw the part within the brackets into the determinant form — 

1 cos B cos (120 + B) 

1 cos (120 -B) cos a 

1 cos (120 + a) cos (120 - a) 

and remembering that 

cos a + cos (120 + a) + cos (120 - a) = 0, 

the reduction presents no difficulty. 

[Educational Titnet.) 

3. The right angles on the primitiye figure are transformed into the 
diagonals of the supplemental figure ; therefore, &c. 

4. It has been seen in Paper x., £z. 2, that 

C08-4P+ COS-BP+ cos CP= 3 cos -40 cos OP. 

In this instance, cob A0= ; 

therefore, &c. 

tan i ^, - tan e + tan b an.le-\-b) 

o. cos A = ■; ; therefore , : r = -: — ; rf = given. 

tan e tan e — tan b sin (0 - 6) 

Hence if c + ^ be known, c ^ bis determined, and therefore e and b. 

6. See fig. 10, p. 21. The arc ZM= 2 XT. Hence the angle AOB is 
known, and consequently the triangle AOB is completely determined ; and 
since OA + 0(7 = n-, the locus of the vertex is a circle, of which is the 
pole. 
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7. This follows at once from Ex. 5, where it is shown that sin (« + 3) 

varies as sin (0 — b) when A is given. 

8. From A^ one of the extremities of the given base, let fall AF perpen- 
dicular to the given great circle, and produce AP to Q, so that AP = P^Q. 
Join Qto Bf the other extremity of the given base. Let JBQ cut the given 
circle in 0, Then ABC and its colunar ABC are the required triangles. 
(7' being diametrically opposite to C7, is on the given circle. 

9. ^ = 70" 26' 33J", B = 61' 6' 47", e = 73' 19' 28J". 
10. ^ = 70° 22' 16-r, 5 = 49" 26' 12-3" ^=61° 64' 6". 



1. Form a spherical triangle by joining the poles of the given great 
circles to the point P, and it is obvious that of this triangle we are given 
the base and the sum of the cosines of the sides ; therefore, &c. (See p. 60.) 

2. By the method of the previous exercise. See also Ex. 1, p. 60. 

3. See Paper VII. Ex. 3. 

4. By the ordinary formulae for right-angled triangles. 

6. From the extremities A and B of the base let fall secondaries AX and 
5 y on the given locus. Then 

cos ss cos a cos & = cos AX cos CX cos BY cob GY; but AX, BYy and XY^' 
are given arcs. Hence it is required to divide a given arc XY at a point C, 
such that cos CX cos CY may be given. 

6. The product is evidently 

• r * 1 /^ sin a sin i sin* sin (»-<?) ... , 

sin a sin 6 cos' * C = ; : — - — ^ = sm * sm (« - e), 

' sin a sm 

which is given. 
[ 7. The product is 

sin a sin ^ sin' } (7 = sin (« - a) sin (« - 6) ; 
therefore, &c. 

8. sin j9i sin j92 = sina sin h cos' \ C; sin ^3 siapi = sin a sin & sin' ^ C: 
therefore, &c. (See Exs. 6 and 7.) 

9. fl = 29" 26' 30", b = 84" 37' 16", e = 86" 19' 2". 

10. A = 82" 24' 33-4" B = 45" 2' 9-88", c = 60" 20' 10-6". 



1 
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1. For by Art. 42, p. 60, we have 

cos a + cos 6 B 2 cos } <; cos iS, 

cos a — cos ^ = 2 sin } cos fit-. 

squaring each of these equations, and subtracting the results — (a) follows 
at once ; when the results are added, we obtain (iS). 

2. See p. 49 (12). 

3. This equation is an expression for the base in terms of two sides and 

the angle included between them, and must, therefore, be identical with the 

form 

cos <; = cos a ccr. '+ sin a sin 6 cos C. 

The identity of these equations wiU be at once made eyident by the substi- 
tution of 

1 -tanUfl ^ 

; — - — rr— 'or cos a, etc., 

1+tanaja ' ' 

and 

2 tan J a . 

; ^rr- for sin a, etc. 

1 + tan' J a 

4. Substitute the value of tan }^a in terms of the angles (p. 49). 

5. Apply Art. 40, p. 58. 

G. Firstly — By the rule of sines 



henc'O 



sin a sin ((; — a) 

— : — 7 = — : = em c cot a- cos <; : 

sm sin a 

sin h cos ^ + sin a 



cot a = 



i.e. sin'^o = ~7 



sin 6 sin c; ' 
sin* h sin* e 



sin* a + sin* &+ 2 sin a sin 6 cos c * 



o. ., , . ,^ sin'asin'c 

SimiUrly, sin»i8 = -r-r r-- 



sin* a + sin* d + 2 sin a sin d cos c ' 



therefore, &c. 
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Secondly — 

sin^ a sin* B — sin* h sin* J C. 

Substitute the value already found for sin* a ; therefore, &c. 
Thirdly — Multiply together the results in £xs. 9 and 10, pp. 47 and 48. 

7. When c- J is a maximum (by Paper x. Ex. 7), c = 90 - ^ ; hence 

COS <; = sin d = cos a cos by i. e. cos a = tan h = cot e. 
Again, cos ^ = tan b cot e, and is therefore equal to cos* a. 

8. tf = 63° 24' 11-78", b = 37° 27' 65-34", C = 76° 47' 34-84". 

9. a = 36° 9' 12-78", b = 44° 23' 39-54", c = 40° 0' 3-8". 

10. A = 94° 16' 17J", 5 = 66° 56' 38f", c = 73° 30' 28". 

11. J = 42° 37' 43 J", c = 56° T 29i", -B = 64° 39' 26*4" ; 
or, b = 137° 22' 16f'/, e = 123° 62' 30J", JB = 126° 20' 33-6' . 

12. b = 41° 12' 54J", c = 61° 67' 58^", B = 48° 17' 8J", 
or, b = 138° 47' 6J", c = 118° 2' IJ", S = 131° 42' 61J"; 

13. a = 82° 38' 40*8", b = 67° 6' 44'48"', C= 88° 68' 12'38". 

14. a = 71° 36' 16", b = 40° 33' 12", C= 76° 2' 39-72". 

15. a = 67° 7' 7-42", b = 69° 22' 20*4", c = 54° 3' 18-2". 
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